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Much of the network revenue management literature considers capacity control problems where product
prices are fixed and the product availability is controlled over time. However, for industries with imperfect
competition, firms typically retain some pricing power and dynamic pricing models are more realistic than
capacity control models. Dynamic pricing problems are more challenging to solve; even the deterministic
version is typically nonlinear. In this paper, we consider a dynamic programming model and use approximate
linear programs (ALPs) to solve the problem. Unlike capacity control problems, the ALPs are semi-infinite
linear programs, for which we propose a column generation algorithm. Furthermore, for the affine approxi-
mation under a linear independent demand model, we show that the ALPs can be reformulated as compact
second order cone programs (SOCPs). The size of the SOCP formulation is linear in model primitives, includ-
ing the number of resources, the number of products, and the number of periods. In addition, we consider
a version of the model with discrete price sets and show that the resulting ALPs admit compact reformu-
lations. We report numerical results on computational and policy performance on a set of hub-and-spoke

problem instances.
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1. Introduction

Network revenue management (NRM) is widely applied in industries where a set of products share
a common set of resources and are sold in a finite selling horizon. Canonical examples exist in the
airline and hotel industries, although its application is reported in more than a dozen industries

(Talluri and van Ryzin 2004). In classical NRM applications, product prices are fixed and product
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availability is controlled dynamically over time to maximize expected revenue. Such problems are
often referred to as the capacity control problem. Alternatively, product prices are varied over time,
resulting in a dynamic pricing problem. For industries with imperfect competition, firms typically
retain some pricing power and dynamic pricing models may be more realistic than capacity control
models.

Capacity control problems received much more attention in the existing literature. It is common
to formulate the problem using dynamic programming (Talluri and van Ryzin 1998, Bertsimas and
Popescu 2003, Cooper 2002, Cooper and Homem-de-Mello 2007). However, solving the dynamic
programming models is challenging due to the well-known curse of dimensionality, because of the
need to keep track of resource levels over time. Much of the development in this literature concerns
heuristic solution approaches to solving the NRM problems, including the aforementioned work of
Bertsimas and Popescu (2003) and Cooper and Homem-de-Mello (2007).

While heuristic solution approaches to solving NRM problems can all be categorized as approxi-
mate dynamic programming (ADP), the development of a formal ADP framework was not accom-
plished until the work of Adelman (2007). Adelman (2007) considers the NRM problem and pro-
poses a linear programming based ADP approach. His approach starts with an equivalent linear
programming formulation of the dynamic programming formulation and approximates the value
function with the weighted sum of a set of pre-selected basis functions. The resulting linear program
is typically referred to as the approximate linear program (ALP). This framework was adopted by
many authors who consider the NRM problem (Farias and Van Roy 2007, Zhang and Adelman
2009, Kunnumkal and Topaloglu 2010, Zhang 2011, Meissner and Strauss 2012, Kunnumkal and
Talluri 2016).

The purpose of the current paper is to extend the framework in Adelman (2007) to dynamic
pricing problems. The problem we consider is a discrete-time version of the dynamic pricing problem
introduced in Gallego and van Ryzin (1997). Unlike the capacity control problem considered in
Adelman (2007), the ALP is in general a semi-infinite linear program since prices can take infinitely
many values. We show that this fact has little consequence as the ALP primal-dual pair is feasible
and therefore has zero duality gap (Charnes et al. 1963). Consequently, the general framework in
Adelman (2007) can be effortlessly generalized to the dynamic pricing setting with general demand
functions. This should pave the way for further development in applying this approach to the
dynamic pricing problem.

For the affine approximation under a linear independent demand model, we show that the ALP

can be readily solved using column generation, where the column generation subproblem is a linear



program. Furthermore, we show that the ALP can be equivalently formulated as a compact second
order cone program (SOCP). Unlike the ALP, the size of the SOCP formulation is linear in model
primitives, including the number of resources, the number of products, and the number of periods.
We show via numerical test that the SOCP formulation can be efficiently solved using off-the-shelf
commercial solvers. The solution speed is orders of magnitude faster than solving the ALP using
column generation. We are also able to establish the superiority of heuristics based on the SOCP
solution, relative to several benchmarks, including the dynamic programming decomposition based
on a deterministic formulation. The latter is considered one of the strongest heuristic in the capacity
control literature and was employed in existing research on dynamic pricing (Zhang and Lu 2013,
Zhang and Weatherford 2017).

The popularity of linear demand functions is discussed in Besbes and Zeevi (2015). They study
the cost of mis-specifying the demand function, where the simple parametric demand differs
markedly from the underlying demand curve. They show that under fairly general conditions, this
“price of misspecification” is not significant. In particular, “A two parameter linear model, in con-
junction with the rather simple structure of the semimyopic pricing policy, guarantees that the
resulting sequence of prices recovers the optimal price corresponding to the true (and unknown)
underlying demand curve, regardless of the functional form of the latter.” (Page 729) Even though
it is possible to discretize prices, formulating the optimization problems with prices as decision
variables has its own appeal, see also relevant discussion in Maglaras and Meissner (2006). This
is confirmed by our discussions with industry practitioners; using price as the decision variable
is quite common in the hotel industry and the linear demand curve is widely adopted due to its
simplicity. In a recent presentation at the RM section conference in Toronto, Schon and Hohberger
(2018) describe pricing problems at Deutsche Bahn, the Germany railway company. Interestingly,
they mentioned that Deutsche Bahn recently switched from discrete prices to continuous prices
in their decision support system. According to Wittman and Belobaba (2018), a similar trend is
observed for the airline industry as well. Our paper focuses on the continuous price model, but we
also consider a version with discrete price sets. We numerically test the performance of both con-
tinuous and discrete price formulations. Our results indicate that a large number of price points are
needed in the discrete formulation to reach the solution accuracy of the continuous price model for
the instances we considered. However, the model with discrete price sets can handle more general
demand functions. Therefore, the model with discrete price sets is a reasonable choice when the
continuous price model is difficult to handle. Our work provides a compact formulation and efficient

solution method for the case of linear independent demand. For more general demand functions,



we propose a column generation algorithm to solve the problem, which can be time consuming. In
those cases, the formulation with discrete price sets is a reasonable alternative.

The comparison between continuous price model and its discrete price counterpart also leads to
insights on pricing flexibility. The continuous price model can be viewed as a model of situations
with full pricing flexibility, while the case with discrete price sets matches situations with limited
pricing flexibility. Therefore, the revenue comparison between the two can be viewed as the value
of pricing flexibility. Our numerical results indicate that the value of pricing flexibility can be
substantial when the number of discrete price points is small.

Our work is closely related to studies that investigate alternative, and typically more compact,
reformulations of ALPs for NRM problems. Farias and Van Roy (2007) propose a relaxed ALP
reformulation (rALP) with reduced number of constraints and (almost) the same number of vari-
ables. They use numerical experiments to show that rALPs give the same optimal solutions as the
original ALPs. Tong and Topaloglu (2013) show that the affine approximation admits a compact
reformulation, which is called the reduced program. Vossen and Zhang (2015) point out that the
original ALP can be viewed as a Dantzig-Wolfe reformulation of the reduced program (Dantzig and
Wolfe 1960, 1961). They further show that this connection also holds for the separable piecewise
linear approximation and for general discrete choice models of demand. In all these studies, the
ALPs and their corresponding reformulations are regular linear programs since they all deal with
the capacity control problem. In this paper, the original ALP is a semi-infinite linear program and
the reformulation is a nonlinear program. Our analysis utilizes a Lagrangian dual approach and
variable aggregation. Specifically, we develop a SOCP to handle the case with linear independent
demand.

Our use of SOCP in NRM is preceded by Kirshner and Nediak (2015), who consider a continuous-
time formulation of the capacity control problem and use splines to represent derivatives of bid
prices, which modifies the problem into a SOCP. Their formulation takes advantage of the contin-
uous time formulation to ensure that the number of variables does not grow with the length of the
booking horizon, unlike ALPs from the typical discrete time formulation. However, the number
of constraints is still growing exponentially in the number of resources. In contrast, we study the
dynamic pricing problem and the size of our SOCP formulation grows linearly in the number of
periods and the number of resources.

Dynamic pricing for NRM can be traced back to Gallego and van Ryzin (1997). It shares the
curse of dimensionality with the capacity control problem, but received much less attention in the

literature. Heuristic solutions for the dynamic pricing problem were considered by several authors,



including Gallego and van Ryzin (1997), Maglaras and Meissner (2006), Dong et al. (2009), Erdelyi
and Topaloglu (2010), and Zhang and Lu (2013). With the exception of Zhang and Lu (2013)
and Lim et al. (2015), these papers do not utilize linear programming based ADP approach.
Even though Zhang and Lu (2013) briefly discuss the ALP formulation, their proposed approach
is a network decomposition method that does not require solving the ALP and they focus on
the multinomial logit demand model. Lim et al. (2015) formulate a hotel pricing problem as a
finite-horizon dynamic program. Their formulation assumes that the price is day-specific but not
product-specific; that is, a different price is charged for each day, and customers who stay multiple
days pay the sum of prices across different days. They study structural properties of the dynamic
program and use column generation to solve the affine ALP. Zhang and Weatherford (2017) apply
the network decomposition approach from Zhang (2011) to the dynamic hotel pricing problem
and validate their approach using data from an international hotel chain. Even though we do not
emphasize the specific application context in this paper, we are hopeful that the approach proposed
here can be applied to these specific settings.

ADP is a fast-growing research area; see Powell (2011) and Bertsekas and Tsitsiklis (1996) for
various approaches and applications. The idea of functional approximation in approximate linear
programming, i.e., using a linear combination of a set of basis functions to approximate value
functions, is first raised by Schweitzer and Seidmann (1985) and further considered by de Farias and
Van Roy (2003). As evidenced by its application to network capacity control problems, solving the
large-scale ALPs is the main challenge of this approach. Our result should encourage researchers
to look for compact representations of ALPs in other applications, even if they are not necessarily
linear. The hope is that these compact reformulations can be more efficiently solved.

SOCP is a well studied convex optimization problem, second perhaps only to linear programs.
The standard form of SOCP minimizes a linear objective function over a set of affine and second-
order cone constraints. SOCP is widely used in analyzing and solving convex quadratic constrained
quadratic programs (QCQP), norm optimizations, and robust optimization problems. Alizadeh
and Goldfarb (2003) offer an excellent overview of SOCP reformulations to classical optimization
problems. Lobo et al. (1998) discuss SOCP applications to engineering problems and the complexity
of solving SOCP with interior-point methods. There are many commercial and open source solvers
for SOCPs, including Gurobi, CVX, Knitro, and SDPT3. We use Gurobi in our numerical study.

The rest of the paper is organized as follows. Section 2 introduces the problem formulation. Sec-
tion 3 considers a general ADP framework. Section 4 specializes to the case of affine approximation
with linear independent demand and Section 5 shows a compact SOCP formulation. Section 6 con-

siders pricing problems with discrete price sets. Section 7 introduces several heuristic policies and



Section 8 reports numerical results. Section 9 concludes. The Appendix contains some additional

analysis and proofs.

2. Problem Formulation

Consider a firm endowed with m resources. The initial capacity of the resources is given by the
vector ¢ = (¢y, ¢, ...,Cn)T, where the i-th element ¢; is the capacity for resource i and T denotes
vector transpose. A set of products N ={1,...,n} are offered, each using a subset of resources. An
m X n matrix A represents the resource consumption and the (7, j)-th element a;; is the quantity
of resource ¢ consumed by one unit of product j; a;; =1 if product j uses resource i and a;; =0
otherwise. We also let A; and A7 denote the i-th row and the j-th column of A, respectively. The
firm sells the products in a finite selling horizon, which is divided into T" “small” discrete time
periods with no more than one customer arrival in each period. Let vy = (r;1,...,7:,)" be the vector
of prices in period t. Sales of a unit of product j occurs in period ¢ if there is a customer arrival and
the customer purchases product j after observing the price vector r;; we denote the probability of
this event A ;(r;). Since there is at most one customer arrival in each period, ;A ;(r;) <1 for
each t. In this general form, the demand function \; ;(r;) for product j in period ¢ depends on the
prices of all products and therefore explicitly models product substitution. In later sections, we
specialize to a linear independent demand model that does not allow product substitution.

The firm’s objective is to maximize its total expected revenue by adjusting prices over time.
The firm’s dynamic pricing problem can be formulated as a discrete-time finite-horizon dynamic
program. The state in period ¢ is the remaining capacity x = (1, ...,2,,)". The state space is

Xt:{{c}’ ift=1,
{xeZ?:x<c}, ift>1,
where Z, denotes the set of nonnegative integers.
Let v,(x) be the maximum total expected future revenue given state x in period ¢. For each ¢

and x, the optimality equation is

vi(x) = rtrenéx {Z)\t ;(ry (rt] + v (x— AJ (1 — Z Arj (T > vt+1(x)}

= max {ZA” 1) (7o + ves(x — A7) — v (x ))}—i—vtﬂ(x), (1)

ri€Ry x)
where the action set is R,(x) = x}_, R, ;(x) and

R, if x> A7,

T+, Otherwise, vt J-

Rus() = {



In the above, IR denotes nonnegative reals and r, is the null price such that A\ ;(r;) =0ifr, ; =r
for all ¢, j. The boundary conditions are vz, (x) =0 for each x and v,(0) =0 for each ¢.

Due to the well-known curse of dimensionality, the dynamic programming model is difficult
to solve when x is high dimensional. We use linear programming based approximate dynamic
programming (Adelman 2007, Zhang and Adelman 2009) to solve the problem.

The linear programming formulation for the dynamic program above is

P inf v1(cC
(P) 00 be i(e)

s.t. 'Ut(X) Z Z )\t,j (I‘t) (Tt7j + Ut+1(X — Aj) — Ut_,'_l(x)) +'Ut+1(x), A t,X S Xt,rt S 'Rt(x)

J

The decision variables in (P) are the v;(x) for all ¢ and x. When x is high dimensional, the number
of decision variables can be huge. The constraints are indexed by t,x, and r;. Since R;(x) is a
continuous set, (P) has an infinite number of constraints. Therefore, (P) is a linear semi-infinite

program. In the next section, we lay out a general framework to approximately solve (P).

3. General Framework

In this section, we give an ADP framework under a general value function approximation. Sec-
tion 3.1 establishes the strong duality of the primal and dual formulations. Section 3.2 introduces
a column generation algorithm.
Consider the value function approximation
vy (x) ~ 0, + Z Visds(x), Vit,x€ X, (2)
beB
where {¢y,(x) }vpes is a set of pre-selected basis functions with index set B. The parameter 6, cor-
responds to a constant basis function and V; , weighs basis function ¢,(x) at time ¢. For notational
convenience, we take 67,1 =0 and Vr 1, =0 for all b € B. The formulation (P) under the approx-
imation (2) continues to be a linear semi-infinite program. Unlike regular linear programs, strong
duality does not necessarily hold for semi-infinite linear programs. We show that strong duality
holds in our setting, i.e., the duality gap is zero. We introduce a column generation algorithm
to solve the dual program. Taken together, our results in this section imply that (P) under the

approximation (2) can be solved for quite general demand functions for reasonable sized problems.
3.1 Strong Duality
Plugging (2) into (P), we obtain

(P)? bn\g 0; + Z Vipds(c)

beB



st OO+ Y (Vi — Visrs) s (x mert > Viers (d(x) — du(x — AY))

beB beB
Zz/\t’j ry Tt,j; Vt,XEXt,rtERt(X). (3)
J
Like (P), (P)? is a linear semi-infinite program, albeit with a smaller number of decision variables.

The dual of (P)? has finite constraints but infinite number of variables and can be written as

(D)¢ sup Z <Z )\t7,j(rt)7“t,j> Pt,x,ry

P xeXreR(x)

s.t. Z ¢b (X)pt,x,rt

XEX;,ri ER¢(x)

¢b(c)’ ift=1,
= Z be(x)pt*l,x’rtfl_

XEXy_1,r4 1€R¢_1(x)

> Protxre 1 2y Ai—1,5(Tim1) (90(X) — dp(x — A7), if t> 1,
XEX;_1,ri_1€ERt—_1(X)
Vit,beB, (4)

Z pt,x,rt - 17 Vt, (5)

XEX;,ri ER¢(x)

p=>0.

Since (P)?-(D)? are linear semi-infinite programs, the duality gap can be positive. Following
Charnes et al. (1963), the duality gap is zero as long as both programs are consistent (feasible).
Therefore, it suffices to check the feasibility of both programs to establish strong duality, which is

presented in the following proposition. The proof is in Appendix A.

PROPOSITION 1. The duality gap between the primal-dual pair (P)?-(D)? is 0.

3.2 A Column Generation Algorithm for (P)?-(D)?

Since (P)?-(D)? does not have duality gap, the program can be solved by applying the column
generation algorithm to the dual program (D)?. For each period ¢ and primal solution (6,V), the

column generation subproblem is

= i 0y — 01 + Vie =V X
Tt xexgglenRt(x) t t+1 ;( t,b t+1,b)¢b( )
+Z)\t] r) D Visro (00(x) = do(x = A)) =3 Aj(re)re.
beB J

Optimality is reached when 7, >0 for all ¢.
Since it may take great computational effort to reach optimality in the column generation algo-

rithm, it is common to stop the column generation algorithm when optimality is guaranteed within



an optimality tolerance. Let z? denote the optimal objective function value for (P)?-(D)? and 27
be the objective value reached in the column generation algorithm when the column generation

subproblem takes the value 7, (7; <0) for each t. Then the following relationship holds:
PROPOSITION 2. 2™ >z + 3" 7.

Proof. Let (é, V) stand for the restricted solution 2z with reduced cost # and p* stand for the

dual solution z? of dual problem (D)?. We have

2T — 2%

= (91 + Z y(c) V1 b) - Z (Z )‘t,j(rt)rtu) Pixet

t,XEX,ri ER¢(x)

= Z p:,x,rt(ét—§t+1)+ Z Z Gb(X)D5 v, Vio—

t,xEXt,rt €R¢(x) t,b \ x€X,ri €R¢(x)
* ¥ *
E : E : ¢b(x)pt+1,x,rt+1 ‘/t+1,b - E : ( E :)\t,j (I}g)"“mj) pt,x,rt
tb \XEXii1,rip1€R41(%) t,XEX;,ri ER¢ (%) J

S *
- § pt,x,rt

t,XEX;,ri ER¢(X)

[9 9t+1+2 V;&b_‘/t+1b ¢b +Z)\t] ry th-s-lb ¢b ¢b Zktj ry Ttg]

beB beB

> Z TPy ey = Eﬁt-

#,XE X1t €R(X) ¢

In the above, the inequality is satisfied because the terms in the bracket represent the objective
function of the column generation subproblem, whose smallest value is 7; in period ¢t. The second
equality is satisfied because of (5) and 07,1 =0,V,;1, =0 Vb e B. The third equality is satisfied if
we replace the second term in the bracket with the right hand side of (4). ]
Since 71, < 0 for all ¢, 2™ is smaller than z?. Proposition 2 bounds the gap between 2™ and 2.
Before proceeding, we comment that Proposition 2 allows us to construct a relative optimality

guarantee. Suppose — Y, 7, /2" <, then

¢ T =
sl <272t7”§1+ﬂ.
Z‘ﬂ—

AN

We use this relative optimality guarantee in our numerical study.

4. Affine Approximation with Linear Independent Demand

In this section, we consider the general problem introduced in the previous section with two
restrictions: affine approximation and linear independent demand. Section 4.1 introduces a column

generation algorithm for the restricted setup.
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The affine approximation is given by
Ut(X) ~ Ht + Z Vm-:l?i, \V/ t, X. (6)

We also adopt the notational convention that 071 =0 and V74 ,; =0 for all 7. Affine approximation
(6) is a special case of (2) where B={1,...,m} and ¢;(x)=x; for i=1,...,m.

The linear independent demand function is given by
Aeg(re) = A1) = (= Begreg) ™ Vit gr; € R (7)

In (7), the demand in period ¢ for product j is a linear function of product j’s price r,;, where
parameters «; ;, 3;; are positive for each ¢ and j. Naturally, we restrict the demand function to be

nonnegative and ), ay ; <1 for each t. Alternatively, we can write (7) as

. O j
)\t,j(Tt,j) =05 — Bt,ﬂ”t,j, v t,9,7t5 € [0, tj] . (8)
Bt
Note that (8) explicitly restricts the price range for product j in period ¢ to [0, %} To accom-
3J

modate this price restriction, we introduce a slightly different definition of price set ﬁt(x) =

x?zlf?,tyj(x) for each ¢t and

. 0,52 i x > 42
Rej(x) = [ e v, j.
B otherwise,
In the above, the null price r, is taken to be % for product j, which forces the demand to 0. In

Appendix B, we show that the analysis can be extended to log-linear independent demand.

Using (6) and (8) in (D)?, we have

(D)? 24 = sup Z (Z(at,j - 5t,j7“t,j)7’t,j) Ptx.ry

t,xEX;,ri €Ry¢(X) J

s.t. E -Tipt,xmt

XEXy,ri €Ry ()
Ci, if t = ]_7
o > (371 —> (e — 6t71,j7“t71,j)aij) Pi-1xr_qs HE>1, Vi,

XEX;,ry_1ER_1(x)

Z Ptx,ry = 17 v t,

xEXt,rtEth(x)

p > 0.

The dual problem (D)7 has only (m + 1)T constraints but infinite number of variables p; .,

because r; is continuous.
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One useful property of the solution of the affine approximation is that there exists an optimal
solution where # and V are non-increasing in ¢. Adelman (2007) shows this result in the context
of capacity controls problems. We can show the same result for the pricing problem. The proof is

relegated to Appendix C.

4.1 Column Generation Subproblem

Column generation can be applied to solve the problem (D). For a given primal solution (0, V),
the column generation subproblem for each period ¢ is

(CG)? min - 6, — 041 + Z(Vtz —Vigr)zi — Z(Oét,j — BrTt.5) (Tt,j - Zaij‘/t-',-l,i) )

XEX,r¢ -
J

x; €4{0,1,...,¢}, Vi,

rej € Rej(x), YV t,,x € X,

Note that (CG)4 is a nonlinear integer programming problem and therefore is potentially difficult
to solve. In the following, we show that this problem can be efficiently solved as a linear program
by exploiting the special structure of the problem.

Fix t. Observe that the last term in the objective function should be maximized for given (6, V)
and x. With slight abuse of notation, for each j, define

H,j(Vig,x) = max  (au;— BijTe;) (Tt,j - Zaij‘/zf—&-l,i) .
i

74,5 ER¢,j (%)

If x; < a;; for any i, H; ;(V41,x) = 0. Now suppose x > A7, H; ;(V,11,%) can be obtained through
first order condition taking into account the bound on price r,;. Then the optimal solution

’I";j (Vt+1) is

Bt,j 204 @i Vet1,itoe,j : ay
. j2ui ;JBtj i i if Zz aij‘/;f-f-l,i < Tt; , )
Tt,j(Vt-i-l) = ag i ’ ’ Vtaj

, otherwise.
Bt

The corresponding value for H; ;(V;,1,%) is independent of x and can be written as
(4,5 =Bej aith+1,i)2

hij(Vig1) = 46t ’ '
0, otherwise.

i - < Xt
if Zz Ajj ‘/1;,+1,1 < Bi,j Vt,] (9)

Let w; indicate whether x > A7 for each j. Then we have H, ;(Vy1,%x) =w;h; j(V,11). Note that

w needs to satisfy

a;;W; S i, V’L,]
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Since V;; is non-increasing in ¢, V; ; — V;41; is non-negative in the objective function of problem
(CG)#. To minimize the objective function value, z; should take the value 1 if a;;w; =1 and 0
otherwise. Thus z; can be reduced to a binary variable instead of an integer variable in {0,1,...,¢;}.
Then the column generation subproblem (CG)# in each period can be reformulated as a binary

integer programming problem

(CGl)? I)I(lgl 0y — 01 + Z(Vm —Vigri)zi — Z wihy j(Vis1),
, - -
s.t. x; > AWy, Y ’L',j, (10)
X, w binary. (11)

Note that (CG1)4 can be solved by solving its linear programming relaxation, where the binary

constraints (11) is relaxed to 0 < z;,w; <1,Vi, j. To see this, it suffices to show that the constraint

matrix of (10) is totally unimodular. Observe that the transpose of the constraint matrix has at

most two nonzero entries in each column. Furthermore, there are two nonzero entries only when

a;; 70 and the corresponding two nonzero coefficients sum to zero. Thus the constraint matrix

of (10) is totally unimodular; see Section III.1, Proposition 2.6 in Wolsey and Nemhauser (1988).
A

This observation should greatly reduce the computational effort to solve (D)4 since we only need

to solve linear programs to generate columns.

5. A Compact Nonlinear Programming Formulation

Our overall objective in this section is to introduce a compact reformulation of (D)%. Section 5.1
develops a reformulation based on duality arguments. Section 5.2 shows that the reformulated
program can be further aggregated and is equivalent to a compact SOCP with a small number of
constraints and variables. Section 5.3 considers the deterministic nonlinear programming formula-

tion and explores its relationship to the compact SOCP formulation.

5.1 Reformulation and Strong Duality

The reformulated column generation subproblem (CG1)# implies that the primal problem (P)?¢
under affine approximation and the linear independent demand function can be written as

(P)Lr Iglgl 01+Z‘/1,ici

s

s.t. 015 - 9t+1 + Z(‘/;’i - ‘/t-f—l,i)xi - ijht,j (Vt+1) > 0 Vxe Xt, w binary C QW5 < 1’i,v t, Z,]
i J

(12)
In the above, we take x € X, instead of binary x for development later in the paper. Observe that

(P)4£ is a regular nonlinear program instead of a linear semi-infinite program.
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Because h; (V1) is nonnegative, it is without loss of optimality to restrict our attention to

w; =1 whenever x > A7 and w; =0 otherwise. Define an indicator function

1, ifx>A,
wj(x):{

0, otherwise,

Introducing a new variable p; ; = max{ﬂ — >0 Vi, O} and using the expression for b, ;(-) in

5t,]
(9), (P)*® becomes

(Pl)A’R (E,I{;,I; 2 +ZV1,2'Ci

W (X
s.t. et—9f+1+z Vii = Vigra) mi—zwpij >0, Vtxex, o (13)
J
Pt; - ,6 Zau‘/t-ﬁ-l iy v taja (14)
2 i
,Ot,j 207 v t’j

Since constraint (13) is convex, (P1)4® is a convex quadratically constrained quadratic problem
(QCQP).

Associating dual variables (i, d) to the constraints in (P1)4%, the Lagrangian function of (P1)4%#
can be written as

aws(x
LO,V,p,pu,0)= 6+ Z Viici— Z M x [915 Or i1+ Z Vii = Vigri)x — Z BMZE()P?]]
% J

t,xeX:

«
— Z 5t,j <pt,j nidt) + Zazj V;erl z)
t,j i
T
= (1 — ,LLLC)91 + Z Z (/-Ltfl,x - ,ut,x)et

t=2 xeX;

+ZCZ 1—pe) V11—|-ZE[Z Pi—1x — M) Ti Zét 1,j®ij

7 XEAX}
Bt x o, xw
+Z g ele J f Z(St]pt]—i—zcst]ﬁt
J

To arrive at the second equality, we used 0741 =0, V741, =0 and x = c in period 1. Let

Vii

9(n,0)= min L6,V p, 11,0). (15)

The tightest Lagrangian bound can be obtained by maximizing over the set of Lagrangian multi-

pliers (p,0); i.e.,

zf'= max g(p,9).

§1>0,6>0
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Notice that L(6,V,p,u,0d) is linear in # and V. We must have

1 —p1,e=0, (16)
ci(l—p1e)=0, v i, (17)
Z(Mtfl.,x — pex) =0, Vit>2,
Z(#H,x — Pt x)Ti —Zét,l,jaij =0, Vi, t>2.
x J

In the above, equation (17) is redundant because ¢; > 0. It follows that

Bri D e x, Pxw;i(X) y
i 2 xex; ey _Z(Smpm +Zémﬁ.
t,j t,j J

2= max min
p>,6>0 p>0 — 4
5J

For each t, define the set Q:(u) ={J: D ¢, texw;(x) # 0}. We have

2
2L — max min Bt erxt ft xW; (X) p 20,4 5t2,j
_ b — _
#2020 p20 L 4 Brj D e, HexW;(X) Brj D, PexW;(X)
Qg j
= > Sipit Y 6 B
t.§EQe(n) t.j b

Since p; ; >0 for all ¢ and j in (P1)*%, the first term can be minimized at

20; 5 .
t'j Bri D e, Ptxw;(x) '

Also, to ensure boundedness, we must have

5t,j =0, Vi, §é Qt(#)-

Therefore,
67

Oétyj
o8) = 326,55 - -
; b ﬁt,j Bt,j erXt Mt,ij (X)

Summarizing the above discussion, the dual program (15) can be written as

2
6t7j

t,7E€Q¢ (1)

at,j
(D))" max 6 j—L —
6 ; J ,Bt,j ti€Qe(n) Bt,j ZXEXt Mt xW; (X)
s.t. 1— R O, (18)
Z(/’Lt—l,x_,ut,x) :0, \vd t227 (19)
XEX}
Z(:U’tfl,x_,ult,x)xi_Z(Stflu‘aij :0, Y t22,i7
XE Xt j
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p,0 > 0.

Slater’s Theorem states that strong duality holds for the convex problem if Slater’s Condition
holds, namely, there exists a strictly feasible point (Section 5.2.3, Boyd and Vandenberghe 2004).
To apply this result to our setting, first note that (P1)#4¥ is a convex problem and has a bounded

optimal value due to the nonnegativity of # and V. Furthermore, the solution

b=, <ﬁtl7j(at’,jé{8t’,j +1)° + 1> : vt,

t'=t J

Vii= Vit Vi, i,

P =/ B+ 1, Vi,

is strictly feasible for (P1)4®. Thus strong duality holds for (P1)4-#-(D)4-E.

Combining constraints (18) and (19), we get

Z Hix = 17 Vit.

xeX}

Introducing a new variable s, (D)4 can be written as

- 1
D1)4FR ax Y (26— s,
(D1) s < B, 0w T B,

t,j
s.t. 63}j < St,j Z Mt7ij(x), v t?ja (21)
xEX}
Ci, ift=1, .
ﬂt,xxi = . V t,Z,
,;t {er)q1 Pe—1xTi — D5 Qi0p—15, i £>2,
Z e =1, Y t,
xEXt
o, 1, s>0.

Note that we write (21) as an inequality constraint instead of an equality constraint. This can be
done due to the structure of the problem. Constraint (21) is in general not convex, but can be
rewritten as a convex constraint (Alizadeh and Goldfarb 2003).

AR ysing SOCP duality, instead of the direct application of

It is also possible to derive (D1)
Lagrangian conditions. We include the alternative proof in Appendix D. However, applying SOCP
duality seems to be more cumbersome. For this reason, we include the analysis based on Lagrangian

conditions in the main text.
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5.2 Aggregation and Equivalence

Because the variable p is indexed by x, (D1)4® still has a large number of decision variables. In

this section, we first use variable aggregation in (D1)*# to produce a more compact formulation.

Since the compact formulation is the result of variable aggregation, it gives an upper bound on

the objective value of (D1)4%. We will show, however, the aggregate formulation is equivalent to

(D1)*® in the sense that its objective value is exactly the same as that of (D1)4%.

To that end, let

Yt,i = E Hi,xTi,

XEXt
Ztj = Z e x5 (X) = Z Hot x5
XEX XEX:x>AJ

Since Y, ¢ x, ux =1 for all ¢,
OSanSl, Vt,]

Furthermore, since x; > a;;w;(x) for all i, j,¢,

Yt,i > QijZ¢ 5, Vi, .

Putting everything together, applying variable aggregation to (D1)4%

Q5 1
(DZ)A’R max E <’j 0t — Sm—)
0,8,y ,2 t; t,j Bt,j
s.t. 07— 81525 <0,

Ciy if t=1,
Yii = ]

Yi-1,i _Z]‘ a;j0p—1 4, ift>2,
Yti = Qij2t,5,

ngt,j Slv

6, y, s>0.

Vit i,

Vi, .

gives

V t?j?

Y ¢4,

v t77:7j?

YVt

The following proposition shows that (D1)4% and (D2)4# are equivalent.

PROPOSITION 3. (D1)4% and (D2)4" are equivalent.

Proof: (D1)#£ can be written as

max  fo(d,s),

§>0,5>0
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where
fo(d,s) = max Z <at’j5 ! s )
o\Y, - X Yty T T4, 9t
H 1) 5t,j ! Bt,j !
s.t. 67 < e Z e x5 Vi,
XEX x> AT

erxt—l Mhe—1,xT; — Ej a;j0—1j, ft>2,

XEAX
Z Mix = 17
xEXt
= 0.
Similarly, (D2)4® can be written as
;max - fi(5,s)
where
f1(0,8) = max Z(at’jé ! s )
100,8) = =0t — 5 —St;
va 2 \B, T B,
s.t. 07 < Suj%e vVt J,
Ci, if ¢t = 1, X
Yei = . Vit
{ytl,i _Zj a’ijét—l,j, if t>2, o
Yei = AijZe 5, v t,i, ],
0<z,;<1, Vi, j.

Qs ft: 1, .
Z M, xTi = {C ' vV t,1,

v t,

(27)
(28)

(29)

(30)

Note that both fy(d,s) and fi(d,s) are optimal values of linear programs. Given the same (J,s),

fo(d,8) = f1(4,s). On one hand, since f;(d,s) is the variable aggregation program of fy(d,s), then

any solution to fy(d,s) has a corresponding solution to f;(d,s). On the other hand, if we can

prove any solution to f,(d,s) gives a solution to fy(d,s). It follows that (D1)4% and (D2)4% are

equivalent.

In the program associated with f;(d,s), for each fixed ¢, let P, ={(y,z) € R : (29)(30),y:,; <

¢;}. It is obvious that P, has integer extreme points because the constraint matrix is totally

unimodular. Let L; denote the index set of the extreme points for P;. Then, using the principle of

Dantzig-Wolfe reformulation, the program associated with f;(d,s) can be reformulated as

Qi 1
fi1(0,8) = max Z (ﬂ:d'ét’j - m&s,a’)
J J

v -
t,j
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s.t. 07 < i Z YeZs ;5 Vi, g,
ecLy
Ci, ift=1, .
Veli; = . , Y t,i
;Lt {ZeeLH Veli—1:— D @igbi-1,4, A E>2, ’
Z ’ye = 1, V t,
ecLy
v = 0.

Each extreme point (y§,zf) of P; is integral and yy € X, from the definition of P;. In order to
reproduce the program associated with fy(d,s), take

Z Ves Vt,X.

EELt:yf:x

It follows that
/-/Jt,xxi — Z 763/;1'7 Vtaxai'

e€Ly: ye—x

For each t and j, we also have
S k= > Y= Y = D> = e
TEXy:x>AJ TEX;:x>AJ e€ELpyf=x e€Lyy¢>AJ e€Ly:zf ;= e€Ly
In other words, fy(d,s) can be produced from the problem associated with f](d,s) via variable
aggregation. Thus any solution to f](d,s) has a corresponding solution to fy(d,s). This completes
the proof. [ |

The program (D2)4% admits an intuitive explanation. Since p in (D1)4%

is nonnegative and
sums to one for each ¢, it can be interpreted as the probability of state x in period ¢. From (22), the
variable y; ; can be interpreted as the expected resource level in period ¢ for resource 7. Similarly,
from (23), z;, is the probability that x > A’ in period ¢. d,; can be seen as the expected sales
for product j in period ¢. Since sales only exists in the situation x > A7 when z,; # 0, the real

demand is Z—’ and the corresponding price is (oy; — ii—J) /Bi; from demand function (8). When
3] »J

265 = D e x, MxW;(x) =0, 6 ;=0 from constraint (21). Then the revenue in period ¢ is

> % b JZ”+ 3 o= Z Bt:jat > Bmzm

t,
Jize ;70 izt ;=0 t,5:2¢,570

which interprets the objective function and constraint (24). >, a;;0;1; in constraint (25) can be
interpreted as resource ¢ consumed in period ¢t — 1 and the resource level y,_; ; is updated.
The quadratic constraint (24) in (D2)*® can be written as the following equivalent second order

cone constraint

204 5 .
H < (5t7‘7 > H S St’j + Zt’j’ Vth?’
Stj —

Zt,j
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where || - || denotes the usual Euclidean norm. With the alternative representation of constraint
(24), (D2)*! is a SOCP.

It is also instructional to consider the dual of (D2)4#, which can be stated as

A,
(P2)"F Jmin 3 eVt Z G
s.t. 2w2tj+za1]‘/t+lv - Vtujv
/Bt,J
1 .
Ui — U35 <5, Vt, J,
Bt
‘/t,i - Vt+1,i - Zwt,i,j >0, vt, 1,
J
Vg + Vs — Zaijwt,i,j —Gt; <0, Vi, j,
H(Q}th])H S¢1,t,j7 Vtaju
3 t,j
w,(>0.

In the above, we again adopt the notational convention that Vr,,,; =0 for all ¢. In our numerical
study, we show that for a particular commercial solver, solving (P2)# is sometimes quicker than
solving (D2)4-E.

Before proceeding, we comment here that it is possible to discretize prices as a numerical strategy.
Section 6 considers a discretized version of the problem and compares it with the formulation

presented in this section.

5.3 Deterministic Nonlinear Programming Formulation and Its Connection to (D2)4#

A useful computational benchmark for the dynamic pricing problem we discussed so far is the
deterministic formulation that ignores demand uncertainty. Although we can formulate the deter-
ministic problem for general demand functions, we focus again on the case with linear independent

demand. The inverse demand function is given by

@ oy ,
T (M) = —L 0 Vt, j.
Bt
The deterministic program can be formulated as
(DeP) 2% = max Z)\ (M)
A T Bt 7

s.t. Zaij/\t,j < Ci, A 7:, (31)
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A >0, v t.

The program (DeP) is a nonlinear program because the objective function is quadratic. Constraints
(31) are resource constraints, the dual variables of which can be interpreted as the marginal values

of resources. We have the following result, for which we provide a proof in Appendix E.

PROPOSITION 4. 24 <24 < (14 —1—)24.

min; ¢;

4 is an upper bound on the optimal revenue, the first inequality in Proposition 4 imme-

Since z
diately implies that the deterministic formulation offers an upper bound on the optimal revenue
as well. This relationship between the deterministic formulation and the optimal revenue is a well
known result in the literature for quite general demand functions (Gallego and van Ryzin 1997), for
which Proposition 4 offers an alternative proof for the case of linear independent demand. The sec-
ond inequality in Proposition 4 shows that the gap between the objective value of the deterministic
formulation and that of the affine ALP is bounded by a factor inversely related to the minimum
capacity on the network. This result parallels that of Kunnumkal and Talluri (2016), where they
consider a capacity control problem under customer choice. Indeed, the bounding factor in Propo-
sition 4 is the same as the one reported in Kunnumkal and Talluri (2016). This is another evidence
that much of the results for capacity control problems in the existing ADP literature might be
generalized to other settings. Future research could investigate to what extent these results for the

capacity control problems can be generalized. We view our work as a small yet meaningful step in

that direction.

6. Discretization as an Alternative Solution Strategy

So far, we have focused on the formulation with continuous prices. Under the linear independent
model, the revenue function is a second order polynomial. Therefore, the optimization problem is
nonlinear.

An alternative strategy is to formulate the problem with discrete price points. That is, the firm
offers a price menu for each product. Customers are segmented based on prices, and will arrive with
price-dependent probabilities. The firm will only offer one price for each product in each period.
This setting is close to capacity control problems, in which customers belong to different classes
with a predetermined price, and the firm decides which type of customers to accept. As discussed
in the revenue management literature (Gallego and van Ryzin 1997), the pricing problems with a
discrete set of prices and capacity control problems are intimately connected. It is reasonable to
expect that theoretical results on the reduction of ALPs for the capacity control problem (Tong and

Topaloglu 2013, Vossen and Zhang 2015) can be extended to the pricing problem with a discrete
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set of prices. In this section, we confirm that this is indeed the case by establishing compact ALPs

for the formulation with discrete price sets.

6.1 The Formulation with a Discrete Price Set

For each product j, we consider a discrete price set with K price points in period ¢. Let the price
set be {710,741, 7t k—1} With corresponding arrival rates in the set {A; jo, At ji1,-oos Aj—17-
Without loss of generality, we assume that r, ;1 > ... >7,; k1 and A\ ;1 <... <Ay k—1. In addition,
we include a null price r; ;o with corresponding demand ; ;o = 0. We require ) ; Atj k-1 <1 for
all £ so that there is at most one customer arrives in each period.

The dynamic programming model with discrete price sets can be similarly formulated as in the
continuous price case. Let 0;(-) denote the value function in period ¢. The decision is the price
point (including the null price) to be offered for each product. Let u, ;1 € {0,1} denote whether
price r, ; ;. is offered in period ¢ for product j. Since only one price can be offered for each product,

we must have
Zut,j,kzl, Vt,]
k

Because of the capacity constraint, the null price must be offered when there is not sufficient

capacity to offer a product. This constraint can be written as
Ut 5,0 > az—j(l — iL’i), Vt,i,j.

Let Z]t(x) denote the feasible action set for state x in period ¢. Then the dynamic program in (1)

becomes

@t(X) = max {Z Ut,j,k)\t,j,k (Tt,j,k + ®t+1(x - Aj)) + (1 — Z ut,j,k)\t,j,k> @t+1(X)}
gk

uy €U (x) ik

= max {Z ut7j,lc)\t7j,k (/rt7j)k) + ®t+1(X — AJ) — @t—&-l(x)) } + ’lAJt_H (X) (32)

ug GZ/A{t (x) gk

Under the affine approximation, the approximate linear program of (32) can be written as

(P)g Z‘é:rgli\;l 91"‘2‘/1,1'01'

st. Oy — 01+ Z (Wzmz - (%’ — Zut,j,k)\t,j,kaij> Vt+1,z’> > Zut,j,k)\t,j,krt,j,kv Vt,x,u; € Uy(x).

J.k g,k

We also adopt the notational convention that 6, =0 and V., =0 for all <.
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6.2 A Compact Formulation

Column generation can be applied to solve the dual to (P)%, which we label as (D)4. For a given

primal solution (6, V), the column generation subproblem for each period ¢ is

(CG)S min 0, — 0,41 + Z(V“ —Vit1i)xi — Zut,j,kAt,j,k (Tt,j,k — Z aith+1,i> )
i ik i

X,ut

S =1, vj, (33)
k

Uy g0 = ai(1— ), Vi, j, (34)

X, u; binary. (35)

Observe that for each product j, only the null price or the revenue maximizing price corresponding

to
k; € arg max Ak <7“j7k — Z a,;th+1,7:)
[

can be optimal. Therefore, the coefficient vector in constraint (33) can be reduced from a K-vector
with all elements being 1 to a K-vector with only two elements being 1. Here we assume ties are
broken arbitrarily. Thus the transpose of the constraint matrix has at most two nonzero entries in
each column and the rows can be partitioned into two disjoint sets with nonzero entries in each
set, where one set only have N rows correspondent to the coefficient of w; o,V . The property
of total unimodularity holds for the coefficient matrix of constraints (33)—(34) and the integer
program (CG)% can be relaxed to an equivalent linear program by replacing constraints (35) with
constraint x,u; > 0.
A

Following a similar line of analysis in Vossen and Zhang (2015), (D)} admits the following

compact representation:

A A
(D2)*4P Zp=max > NjkTejkdik
.
s.t. Yii=1 . ’ Vi,
Y1, — Ej’k aijAt—l,j,th—l,j,ka ift>2,
@iYti + qe 0 = Qij, Vit i, j,
th,j,kzlv Vtaju
k

q,y > 0.

The program (D2)4? is a linear program and the number of constraints is linear in the number of
resource m, the number of products n, and the number of periods T. However, when the number of
price points K increases, the number of variables q grows linearly in T'n, which can be very large;

as a result, it can be computationally challenging to solve (D2)4?. In our numerical study, we
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show that for a relatively small set of price points, solving (D2)4? can be faster than solving the
continuous formulation, possibly with some solution quality degradation. While for relatively large

sets of price points, solving (D2)4P is slow, or even infeasible, within a reasonable time frame.
7. Pricing Policies

In this section, we introduce the pricing policies we consider in our simulation study.

First, it is natural to use the dual values w* for the resource constraints (31) in (DeP) as
static bid-prices. Note that since we are considering a pricing problem, classical bid-price control
(Talluri and van Ryzin 1998) does not apply in our setting. Instead, the bid prices are used as
approximations of marginal values in equation (1). That is, the price r; is determined by solving
(1) where the opportunity cost for accepting a class-j customer in period ¢, v; 1 (x) — vy1(x — A7),
is approximated by ). a,;w;. This policy is called static bid policy SB later in the paper.

Similarly, we can use the solution from the affine approximation to construct a bid-price policy.
Let (6*,V*) be an optimal solution for the affine approximation. We can approximate v;1(x) —
Vg1 (x — A7) by 3 a;; Vi, ;. This policy is called the dynamic bid-price policy (DB hereafter).

In addition, we also consider dynamic programming decomposition methods based on the solution
to (DeP) and the affine approximation. In the NRM context, dynamic programming decomposition
methods were considered by Liu and van Ryzin (2008), Miranda Bront et al. (2009), Zhang and
Adelman (2009), and Zhang (2011), among others. Here, we adapt these methods to the dynamic
pricing setting. The version that considers dynamic bid-prices is called DBD, while the one that
considers static bid-prices is called SBD.

7.1 The Policy DBD

The policy DBD is based on the optimal affine solutions (6*, V*). For each ¢, consider the approx-
imation
vy (x) vy (x;) + Z Vi, Vit (36)
ki
Using the above approximation in (P)? under affine approximation, we obtain

(NLP;)  min  wvi(c)+ Y Viser
v, () i ’

s.t. vi() + Z Vi > Z Arj(re) (Tt,j + vy (T — @) + Z Vin(zr — akj))
k#1 Jj k#1
+ (1 - Z >\t,j (I't)) <Ut+1’i(xi) + Z V;il’kxk> s W t, X € Xt, r; € Rt(X)
j k#i

The proof of the following results is analogous to the one for Proposition 2 in Zhang and Adelman

(2009) and is therefore omitted.
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PROPOSITION 5. For each i, let v, ,;(-) and v, ,;(-) be a feasible solution and an optimal solution to

(NLP;), respectively. We have

(7) min {v“(xl) + Z Vt*kxk} > vy(x);

ki

(ii) 2> 2" >max {6“(%) + ZVl*kxk} > min {512(@) + Zkawk} > vy (c).

ki ki

Proposition 5 shows some interesting bounds. Part (i) shows that the objective value of (NLP;)
for each i gives an upper bound to the optimal dynamic programming value function. Part(ii)
further shows that the objective value of (NLP;) for each i is a tighter upper bound than the affine
bound z#, which in turn is tighter than the bound from the deterministic formulation z?. From the
discussion in Section 6, pricing problems are structurally similarly to capacity control problems;
Proposition 5 studied in Zhang and Adelman (2009) naturally holds in our pricing problem. The
second to last term in (ii) is called DBD bound in our numerical study.

One nice property of (NLP;) is that an optimal solution can be obtained by solving the following
dynamic programming equations

Upi(x;) = max {Z)‘W ry)

X—iTt

* *
Tt,j + Vig1,i(T aig) Vpy1,i(ms) E:‘/t+1kakj _E (Vt,k_ t+1,k)$k}

k#i k#i
+ UVppri(Ti), (37)

with boundary conditions vy, ;(z;) =0 Va,,i. Here x_; is x without the i-th component ;. Refer
to Zhang and Adelman (2009) for relevant discussions. In Appendix F, we show that Av,,;(z;) =
Ut,i(z;) — Uy 4(x; — 1) is monotone in both ¢ and x;.

For linear independent demand, (37) becomes

T+ Vpyri(Ti — az‘y) Ut+1 i(z;) g V£+1 kQkj
k#i

Upi(x;) = max {Z(at,j — BriTej)

T—q,Tt -
J

- Z e — Vi) } + Vg1, (s).

ki
The maximization problem on the right side has the same structure as the column generation
subproblem (CG)# except that z; is fixed. Therefore, we can use the same solution method to
solve it.

After {v;;(-)}ves is obtained, the price for each product in period ¢ and state x can be set by
solving

max {Z(at,j — BtjTri) [Tt,j = @ealws) = B — %))] } :

j i
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In the above, we approximate the marginal cost of accepting class-j customer with
> (Wri(x;) = vy s(x; — ai;)). Note that this policy is time and inventory dependent and is called
DBD.

7.2 The Policy SBD

The policy SBD is based on the dual values w* for the resource constraints in (DeP). This policy

is similar to DBD, except that instead of the approximation (36), we consider the approximation

v (x) v () + Zw;xk, Vi, x. (38)
kot

It is straightforward to show that the analysis in Section 7.1 also works for this approximation with
V;; replaced by w; for each 4. For example, the bounds and structural properties in Propositions 5
and 8 still hold. In particular, a bound analogous to DBD bound can be shown where V", is
replaced by w; for each ¢. This bound is called SBD bound in our numerical study. We omit the
details of the analysis for brevity. Like DBD, SBD is also a time and inventory dependent policy.

8. Numerical Study

We conduct a numerical study to investigate the computational performance and compare the
performance of the different heuristic policies. We also compare the performance of continuous and

discrete formulations.

8.1 Computational Setup

We consider hub-and-spoke networks with one or two hubs as illustrated in Figure 1. Each non-hub
location has one connecting flight to the hub and one from the hub. For the one-hub network
with S non-hub locations, there are 25 resources (flights) and S? + 2S5 products (2S5 local non-stop
itineraries and S? connecting itineraries, including round trip between hub and non-hub locations).
For the two-hub network with S non-hub locations, there are 2S + 2 resources and S? +4S + 3
products (2S5 + 2 local non-stop itineraries, 1 hub-hub connecting itinerary, 2S5 hub and non-hub
locations connecting itineraries, and S* non-hub locations connecting itineraries).
We use the load factor defined as follows to measure the demand intensity:
Dot WA (r7)
> iCi 7

where r; is the revenue maximizing price under unlimited resources. Therefore, the load factor

load factor =

is the total expected resource consumption under revenue-maximizing prices divided by the total

available resource. This definition of load factor is similar to the one used in Adelman (2007),
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IS\
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Figure 1  Hub-and-Spoke Network with one hub and two hubs

albeit for capacity control problems. For linear independent demand functions considered in our

2 2325 ¢
We systematically change the problem size by varying the number of non-hub locations S in

the set {4,6,8} and the number of periods T in the set {100,200,400}. The number of variables

: w _ Op ) O s 2ot YO,
numerical study, 77 ; = By Ar,j(17;) = =% and the load factor is ==—2—~.

and quadratic constraints for the SOCP formulation increases rapidly as problem size increases.
Table 1 shows the problem sizes for different instances. The value of «; ; are randomly generated
and sum to 0.75 across all products in each period. The price sensitivity parameter 3, ; is set to
be oy ;/€;, where €; is a randomly generated value from the uniform distribution ¢[1,10] for the
itineraries from non-hub location to the hub and #[10,100] for the itineraries from the hub to
non-hub location, respectively. For connecting itineraries, €; is taken to 0.95 times the sum of the
corresponding local itineraries. We choose capacity such that the load factor is between 1 and 2.
Each instance is represented with (H,S,T, LF'), where H is the number of hubs and LF is the load

factor.

8.2 Computational Results for the Continuous Formulation

In this subsection, we report computational results for the compact SOCP model as well as the
column generation algorithm for the continuous-price model.

The programs (D2)4%-(P2)4% are second order cone programming problems, for which there
are many different solvers. In our numerical experiments, we tried several different solvers, including
Gurobi, CVX (Grant et al. 2008), SDPT3 (Toh et al. 1999), and Knitro. In our initial test of
the different solvers, we used MATLAB to call the different solvers using a computer server with
Windows Server 2016 Standard 64-bit, Intel Xeon Gold 6140 CPU, and 192 GB RAM. Our test
result shows that Gurobi is in general much faster compared with the other three solvers. For this

reason, we only report results for Gurobi.
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Table 1 Problem sizes for different test instances

Instance Resources | Products | Periods | Variables | Quadratic Linear
Constraints | Constraints

(1,4,200,1.3) 8 24 200 59208 4800 16008
(1,4,400,2.0) 8 24 400 118408 9600 32008
(1,4,800,1.9) 8 24 800 236808 19200 64008
(1,6,200,1.3) 12 48 200 156012 9600 31212
(1,6,400,1.6) 12 48 400 312012 19200 62412
(1,8,200,1.0) 16 80 200 323216 16000 51216
(2,4,200,1.5) 10 35 200 100010 7000 23010
(2,4,400,1.8) 10 35 400 200010 14000 46010
(2,4,800,2.0) 10 35 800 400010 28000 92010
(2,6,200,1.2) 14 63 200 229614 12600 40614
(2,6,400,1.2) 14 63 400 459214 25200 81214
(2,8,200,1.1) 18 99 200 439218 19800 63018

To illustrate the computational advantage of solving SOCP formulation compared with solving
the original ALP formulation with column generation, we report the solution time of the column
generation algorithm with 0.01% and 1% accuracy in Table 2, which was also implemented with
Matlab and Gurobi. Monotonicity property of the affine ALP solution was shown to be impor-
tant for the computational performance of the column generation algorithms for capacity control
problems in Adelman (2007) and Zhang and Adelman (2009). We have shown that such mono-
tonicity property also holds in our setting; that is, the optimal solution (6, V") to the affine ALP is
non-increasing in t. Like Adelman (2007) and Zhang and Adelman (2009), we observed that the
column generation algorithm converged more quickly with monotonicity constraints. Therefore, we
enforced monotonicity constraints in our numerical experiments. Perhaps unsurprisingly, solving
the reduced programs (D2)4%-(P2)4 is in general orders of magnitude faster than solving the
original ALP with column generation for both 0.01% and 1% accuracy. For the same network, as
the number of periods increases, the solution time increases nonlinearly.

The column z¢ in Table 2 reports the deterministic bound. The second to last column in Table 2
reports the ratio between 2¢ and the objective value of the affine bound (2%), and the last column
reports the theoretical bound in Proposition 4. Note that the results here are consistent with
Proposition 4.

Note that (D2)*% and (P2)4® can have substantially different solution time for different prob-
lem instances. Such variations in solution time for primal-dual pairs are not uncommon for nonlinear
programs in general, and SOCPs in particular. Nevertheless, it would be interesting to understand
the drivers of the varying numerical performance for different problem instances. We leave such

considerations for future work.
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Table 2 Computational comparison between reduced programs and column generation algorithm
Computational Time
Instance || CG-0.01% | CG-1% | (D2)"7 [ (P2)"" [ (DeP) 24 22 | 14
(1,4,200,1.3) 952.82 325.51 2.44 1.84 0.11 |11089.49| 1.02 1.08
(1,4,400,2.0) || 5097.80 | 1842.11 13.65 7.90 0.14 |16105.55| 1.02 1.07
(1,4,800 1. 9) 83364.77 | 26594.65 | 130.99 55.11 0.13 |36102.84 | 1.01 1.03
(1,6,200,1.3) 2767.74 733.48 24.67 3.36 0.16 |11928.67| 1.02 1.10
(1,6,400,1.6) || 37054.32 | 8322.76 75.90 31.77 0.16 |27231.30| 1.02 1.06
(1,8,200,1.0) || 2844.65 672.78 41.66 26.64 0.13 |13030.09 | 1.00 1.10
(2,4,200,1.5) 1941.84 678.85 5.93 2.73 0.14 |12291.53| 1.02 1.10
(2,4,400,1.8) 9937.22 3655.17 61.01 40.33 0.13 |20612.11| 1.01 1.05
(2,4,800,2.0) || 115997.72 | 34450.58 | 76.72 112.99 0.17 |40908.93 | 1.01 1.03
(2,6,200,1.2) 1048.84 397.60 41.82 26.16 0.14 |12726.02| 1.01 1.10
(2,6,400 1. 2) 6816.78 2851.85 39.63 138.48 0.09 |23167.49| 1.01 1.05
(2,8,200,1.1) 628.03 293.14 74.79 58.18 0.35 |12530.84| 1.01 1.10

8.3 Computational Comparison between Continuous and Discrete Formulations

Since (D2)4P is a relatively small linear program, a reasonable question to ask is whether solv-
ing (D2)4P is faster than solving the SOCPs we proposed for the continuous formulation. To
investigate this question, we compare the computational times and optimal values of (P2)%# and

(D2)4P for K € {5,10,20,40} using test instances with linear independent demand. For (D2)4:P,

we use equally spaced intervals between —+% and t bl for each product j in period . Note that all

28,5

Xt,j

28¢5

prices between 0 and ; t L are weakly dominated as a price above can be chosen to produce

2t in our numerical

the same revenue with lower demand. Therefore, we ignore all prices below 3 5
»J

study.

Table 3 compares the solution times of (P2)4:% and (D2)4-? for different values of K. In general,
solving (D2)4P with K =5 has shorter computational time compared with solving (P2)4% for
most problem instances. However, the objective values are still quite far from the optimal values
reported by (P2)4%. As we increase the value of K, the objective values get closer to the optimal
values from (P2)4%. However, the solution time is longer than those of (P2)%# for many problem
instances. In addition, for some problem instances, a solution cannot be obtained for (D2)4? due
to an out of memory error; these instances are indicated with a “—” in the table.

We comment here that the numerical behavior we observed is not unique. Indeed, all continuous
optimization problems can be approximately solved via discretization. But discretization is not

always pursued precisely because of the type of numerical behavior observed here. There is a

trade-off between solution accuracy and solution time, which does not always favor discretization.
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Table 3 Computational times for continuous and discrete formulations

Instance K=5 K=10 K=20 K=40 (P2)AR

25 time z5  time 25 time z5  time 24 time

(1,4,200,1.3) || 10805.60 0.74 | 10865.28 1.74|10876.70 2.69 | 10879.94 3.88|10877.25  1.84
(1,4,400,2.0) || 15668.13 3.07 | 15751.01 3.41|15775.48 5.48|15778.80 9.28 | 15777.77  7.90
(1,4,800,1.9) || 35442.06 6.33 | 35726.41 9.36 | 35766.90 13.63 - - 135760.88  55.11
(1,6,200,1.3) || 11565.26 2.23 | 11651.28 4.21 | 11660.62 7.36|11663.20 11.06 | 11661.49  3.36
(1,6,400,1.6) || 26554.15 7.21 | 26664.26 10.36 | 26697.42 16.42 - -126693.80 31.77
(1,8,200,1.0) || 12931.72 2.66 | 12953.51  7.36 | 12963.55 7.91|12966.77 13.48|12965.32 26.64
(2,4,200,1.5) || 11937.58 1.81|11994.68 2.40 | 12005.31 3.76 | 12008.83  6.16 | 12005.12  2.73
(2,4,400,1.8) || 20138.66 4.83 | 20302.34 4.95|20317.76 9.51{20320.75 15.24|20314.84 40.33
(2,4,800,2.0) || 40288.96 9.74 | 40507.36 12.76 - - - - 140527.64 112.99
(2,6,200,1.2) || 12517.99 3.51 | 12544.61 3.56 | 12554.51  7.28 | 12556.72 11.33 | 12553.99  26.16
(2,6,400,1.2) || 22972.52 5.13 | 23005.02 7.28 - - - -123017.93 138.48
(2,8,200,1.1) [| 12329.49 3.12|12351.09 4.27|12356.42 6.96 - -112356.38  58.18

8.4 Comparison of Pricing Policies

In this subsection, we compare the bounds and the pricing policies introduced in Section 7 on hub-
and-spoke instances illustrated in Figure 1. Each pricing policy is simulated for 400 times using the
same demand sequence. We also consider variants of the policies that uses discrete prices. These
policies are prefixed with a “d.” The policies dDB and dDBD are the versions of DB and DBD
policies with discrete prices.

Table 4 compares the pricing policies from the deterministic nonlinear program and the affine
ALP for the continuous-price case. For each instance, the first row reports the absolute value of
policy bounds and policy performance. The second row reports the relative value to the DBD
bound reported in the second column. We can see that the pricing policy SBD and DBD offer
higher expected revenues than SB and DB. Therefore, dynamic programming decomposition gen-
erates higher revenue in general. The last column in Table 4 reports the confidence interval (CI)
on the revenue difference between DBD and SBD, which shows that DBD offers higher revenue
than SBD. On average, DBD improves the revenue by 0.53%. From the relative performance in
Table 4, we can see that the difference of the expected revenue between dynamic program decom-
position policies and bid price policies is larger than the difference of their bounds. This suggests
that dynamic program decomposition should be adopted even when the decomposition does not
significantly improve the bounds.

Table 5 compares the pricing policies from the continuous formulation and the discrete formu-
lation with K = 10. As before, for each problem instance, the first row is the absolute value and
the second row is the relative value to the DBD bound under the continuous formulation. The

solution time for the discrete formulation is shorter than that of the continuous formulation as
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shown in Table 3, but the expected revenues from the policies of DB and DBD are higher than
dDB and dDBD for most problem instances. The last column in Table 5 reports the confidence
interval (CI) on the revenue difference between DBD and dDBD, which indicates that the DBD
policy generates higher revenue. Our overall conclusion is that the continuous formulation tends to
produce better heuristic policies for the instances we considered. From an algorithmic standpoint,
even if the discrete formulation is preferred in some applications, the continuous formulation can

still serve as a benchmark to evaluate the performance and refine the given menu of prices.

9. Conclusion

Dynamic pricing for NRM has been studied since the seminal work of Gallego and van Ryzin
(1997). It is well known that the dynamic programming formulation for the problem suffers from
the curse of dimensionality as the state space grows exponentially with the number of resources on
the network. While the linear programming based ADP has been used to solve the capacity control
problem for NRM by many authors in recent years, much less work was done for the dynamic pricing
problem. From a solution perspective, dynamic pricing problems are fundamentally harder than
capacity control problems as even the simplest deterministic formulation is a nonlinear problem.
In this paper, we have tried to extend this framework to the dynamic pricing problem. Despite
some technical obstacles, our overarching conclusion is that the ADP framework can and probably
should be applied to dynamic pricing problems.

One practical difficulty is that we are dealing with semi-infinite linear programs, which are in
general very challenging to solve. For general demand functions, we propose a column generation
algorithm to solve the problem. However, our numerical study using linear independent demand
functions suggests that column generation algorithm can be quite computationally intensive. There-
fore, much work is needed to reduce the computational intensity. For a special class of demand
functions, i.e., the linear independent demand, we show that the affine ALP can be stated com-
pactly as a SOCP, which can then be solved using standard nonlinear programming solvers. We
illustrate via a computational study that solving the SOCP can be orders of magnitude faster than
solving the original ALP formulation using column generation.

There are many possible avenues for future research. First, despite significant recent literature on
ADP approach for NRM, almost all research so far considers capacity control problems and the cor-
responding ALPs are regular linear programs and therefore can be solved with linear programming
solvers. In contrast, we solve nonlinear programs in our numerical study. Our numerical experience
suggests that nonlinear solvers have made sufficient progress to be a viable option and should be

seriously considered for other ADP applications. We are encouraged to learn about some recent
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applications in other areas. For example, Sun et al. (2014) consider quadratic approximations in
the context of inventory management problems. Second, our work considers the affine approxima-
tion. Stronger value function approximations, such as the piecewise linear approximation, should
be considered in future work. Finally, the compact SOCP formulation we proposed is based on a
linear independent demand function. An immediate next step is to consider general linear demand
functions that explicitly model demand interactions across products. Our initial attempt to derive
a similar reduction result is not successful, even though this case can still be handled using our
general framework. Furthermore, while linear demand functions have some good theoretical justifi-
cations (Besbes and Zeevi 2015), there are certainly many other demand functions. One example is
piecewise linear demand functions. The formulation with linear demand can be adapted to create
an iterative procedure to solve a version of the problem with a piecewise linear demand as follows:
Start with a selected linear piece for each product and solve the problem; if the optimal price for a
given product falls outside of the chosen linear piece, replace the demand function with the linear
piece that covers the optimal price; repeat for a set number of iterations or until convergence.
The convergence property of the algorithm is not well-understood and left for future research. For
general demand functions, our proposed method relies on a column generation algorithm, which
is likely to be computationally intensive. Finding more compact formulations and more efficient
solution procedures for general demand functions is an important direction for future research.

Much additional work remains to be done.
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Appendix A. Proof of Proposition 1

Proof. To show the result, we need to check the feasibility of both (P)? and (D).
We first check the feasibility of (P)?. For notational simplicity, let x; = max,,cx, Zj At (Te)Te 5

for each t be a set of constants. Take

T

0,=> ki, Vt, (39)
=t

Vo =0, Vi, b. (40)

It follows that

0 —0p1 + Z(th — Vi) On(x) + Z Arj (1) Z Vieip (¢b(X> — ¢p(x — Aj)) =Ky = Z Ay (Te)re ;.

beB beB j
Therefore, (6,V) defined in (39)—(40) is a feasible solution to (P)?.
For the dual program (D)?, it is straightforward to show that charging the null price in each

period is feasible; i.e.

1, if x=c,r; =r,Vj,
Pixry = \V/t,X,I't.

0, otherwise,

It can then be checked that both sides takes the value ¢, (c) in constraint (4). This completes the

proof. [ |

Appendix B. Affine Approximation with Log-Linear Independent Demand

Our main analysis is carried out for the linear independent demand. Here, we show that the same
line of analysis can also be used to analyze the log-linear independent demand. Due to the similarity
in the analysis, we recycle notations from the analysis for the linear independent demand model
whenever appropriate.

The log-linear independent demand function is
Aij(r) =y e hi™i Vg

The column generation subproblem for (D)? under affine approximation and log-linear independent

demand function is

. —Bt,jTt,j V
min 6, — 041 + E (Vi = Vigr,) i — E Qg € T (Tt,j - E Qij t+1,i> )
xXEXt,re - - -
% J i

x; €{0,1,...,¢;}. Vi.
and the revenue function is

B By e
Hyj(Vigr,x) = max oy, e " (Tt,j - :aij‘/t-FLi) :
[
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Suppose x > A7, then the optimal price for H; ;(Viy1,%) is 77 i (Vig1) =2 ai Vi + ﬁ and the

X5
lgt’jeﬁt,j 2255 Veip1,i 1"

optimal revenue is hy ;(Vii1) = Similarly the column generation subproblem
can be solved by solving its linear programming relaxation because the coefficient matrix is totally
unimodular. The reformulated column generation subproblem implies that the primal problem
(P)? under affine approximation and the log linear independent demand function can be written

as

(P)A’L 1%1{}1 91+ZV1¢Ci

st.  0,— 9t+1+z Vii— Vis1)x ijhtj (Viz1) >0 V xe X, w binary : a;;w; <,V t,1,].

J

Introducing a new variable p; ; = > a;; Vi1 + ﬁ, (P)*L becomes
]
g{}g 01 + Z Viic
a
s.t. 9t—0t+1+2(‘/{5,i_‘/t+11 x; Zw t] *ﬁtjpt] >0 vt,XGXt
1 1 .
meZaithHﬁF, Vit
i tJ

the Lagrangian function of (P1)4 can be written as

L(O,V,p,p,0)= 914‘2‘/1,1@ Z Mtx[et 9t+1+z Vii—Vig1)x Z’w 5t] e Prirti

t,XEX; 24
1
+> 0 [Pm‘ — Y ai Vi1 — 5] :
tj i b

Notice that L(6,V,p,u,0) is linear in 6 and V. We must have

1—[11,(;:0, (41>
ci(l—p1e)=0, v i, (42)
Z(/-/thlx ,Lth)ZO \V/t22,

X

Z(Htflx [t x) T Z5t 1,jQij = Vi, t>2.

X

It follows that

07 lf 5157]' :0,

) s [l 5 it () — WGy + 1], i 6y >0,
o, if ¢, ; <O,

At 5 ., .
L' — min <5tjptj—|—z,utxw] )5 I o=Pt,5Pt,j

Pt,j t,j

Note that the first two cases above can be combined together. Let

g(u,é):egl,ipgo L(6,V,p,p,0) Zﬁw [ln (atjz,utxw ) Ind, ; +1—-11.
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Then the dual program can be written as

(D))" max Z 5, lln (OémZMt xwj(x ) _ln‘st’i]

s.t. 1—p1.=0, (43)
Z(/Ltflx M, x) =0, Viz>2, (44)

xXEX

Z(,ut—lx ,U/tx i Z(St 1,]a1113t 1,5 — thQ,’L,

XEX}

w6 >0.

Similarly, let

Yt,i = Z Hi,xTi, \V/t,i, (45)
xEX;
Ztj = Z e xWj (X) = Z Pt x Vi, j. (46)
x€Xt XEXy x> AJ
Since erXt pex =1 for all ¢, 0 <z ; <1,V ¢,j. Furthermore, since z; > a;;w;(x) for all i,j,t,

Yii > a2 5, VE, 0. Putting everything together and applying variable aggregation to (D1)** gives

1) Ty
D2)4k max ez [N ( 2] tJ)
( ) Z Bt,j 515,]

8,y,z
P9 if t = 1, .
s.t. yi=4" : VY t,1, (47)
Ye1,i— D, Wijle—rj, if1>2,
Yei = QijZe 5, V.1, 7, (48)
0=z,<1, v 1,5,

9, y, z>0.

The equivalence between (D)4 and (D2)** can be proven through defining a new variable s; ; =

9.5

oS SR e Then the objective function in (D)*% can be written as — 23 5” Ins,; and one

more constraint d; ; < ay ;S Zx pexw;i(x) can be added. Similar to the proof in proposition 3, the
inner program is a linear program and Dantzig-Wolfe decomposition can be applied to show the
equivalence.

Note that (D2)#41 is a convex program since the constraints are linear and the Hessian matrix
of g’i—; In (%) in the objective function is

2
He__ 1 [ & _5@%] SN S B [ 2 ] <0
2 _ . . 2 2 5] 2] _ | =
Bridi2t; | ~Ouizey O Bt.j0i% Bt.j0i%i ; Ot
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However, solvers like CVX can’t solve program (D2)4L due to disciplined convex programming

error in the objective function. We can induce a solvable dual program through Lagrangian duality.

5.
L(d,y,z,V,w,() = Zﬁt (anétj+1Hth—ln(stj)_Z(yli_Ci)‘/li_

t,7 129

Z(ytz Yi— 11+Za1j6t 1,5 ‘/tz_{_zytz a”szt] wtzg+zl_zt] <t]
t,4,7 t,J

Z Mibii+ ﬁt,jzt,j-

t,j t,j

Notice that L(d,y,z, V,w,() is linear in y;, and y;; > 0, thus the coefficient of y; ; must satisfy

Vieri —Vii+ Zwt,m‘ <0.

J

Assume L(4,y,z, V,w,() achieves its minimum at §*,z* and we have

oL 1 . or ,
957, = Btj(lnatj +1Inzy; —Ind;; )+5tT]]( 5* Za”VHM—FmJ 0, Vt, 4, (49)
OL 6, 1 . .

& —Cpj+ =0, Vt, 5. (50)

* = *
Ozf;  Puj i,

For any V,w >0,¢ >0, based on (49) and (50), we have

51
Grjt+ D Gijwr ;= Mg+ 25—
t,j Z JWti,5 t,] Bt,jzt,j
1 " X
> ——exp(lnd;; —Inz; )
Bt ’ ’
1
= o exp [ Inay; —1—f,; Zaij‘/zt+1,i + Mt
t,j i

o
> f exp (‘Bt,j Z az‘thH,i - 1) .
t,g i

The first inequality and the last inequality are satisfied due to 7 ;,7;,; > 0,Vt, j. On the other hand,

the Lagrangian function can be written as
L(6",y,2",V,w,() = th +Zvucz+2 —)5+ > ( oL _
7 85* 7 v 0z;
= ZCt,j‘FZVl,iCi-
t.j i
Therefore the Lagrangian dual program of (D2)4L can be written as

min E Cej + E V1ici
Viw,Cop
t,g 1

Bt 2{

)Z;j
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Qy )

s.t. Gty + E W5 = Tm exp <—5t,j E aijVig1i— 1) ; vt, j,
i tJ i

Vt,z' - Vt+1,z’ - g Wi i 5 >0, Vi, 1,

J
paGawZO'

For convex problem (D2)4%, there exists a strictly feasible solution 8;; = z,; = € and y;,; =
Ci, Vi, Yo = Yi—1,i — Zj a;;0;—1.4,Vt, i, where € denote a small positive number like 1071°. Thus strong
duality holds for convex problem (D2)%4L according to Slater’s Theorem in Section 5.2.3, Boyd
and Vandenberghe (2004).

Appendix C. Monotonicity of (¢,V) in the Affine Solution

Using (6), the program (P)? can be written as

(P)* 2" =inf 01+ Vi

st. 0, —0,1+ Z (V:sﬂz - (xz - zAt,j(rt)aij> ‘/;Jrl,i) > Z Aej(re)rey,  Vix,r € Ry(x).
i J J

The corresponding dual problem is

(D)*  sup Y (Z)\thj(rt)rm> Pty

P ixrieR(x) J

s.t. g TiPt x,rs
XEX;,ri ER¢(x)

Ci, lftzl,

. vV t,1, 51
<$i - Zj )\t—l,j(rt—l)aij) Di-1xr, o HE>1, (51)

XEXt_1,rt—1ERL_1(x)

Z Ptx,ry — 17 v L,

XEXg,ri ER¢(x)

p=>0.
We show that (6, V) in (P)# is non-increasing in ¢. For problem (P)*-(D)4, let
t; =argmin{t € 1,...,7:3j,x,1; € Ry(x) with a;; =1, j(rs) >0,p1xr, >0}, Vi

PROPOSITION 6. Assume that t} exists. Then

(i) For all t >t}, there exists p;xr, >0 such that x; < c¢;, and

(11) For allt <t}, pixr, >0 only if x; =c;.

K2



42

Proof. We prove (i) and (ii) by contradiction.

(i) Suppose V t > t5,V pixr, > 0,2; =¢;, then vart+1€72t+1(x) CiPt1,x,0041 = Ci-

According to the definition of ¢}, there exist j',x/, r;: such that a;; > 0, A ,jf(r;:) >0, ez 0, >
0. Then x} — > Avr j(rer) (] — (2] — aij)) < @) — Nz jo (ver) (2] — (2] — aijr)) < 2} < ¢;. Then for con-

straints (51) in period ¢} + 1 in dual problem (D)#, we have

Z LiPrr+1xrs g = Z [xz - Z &;f,j(ﬁ;) (@i = (zi — aiy)) Pt; xrps
J

X, Tpx ] ERpr 4 (X) X,rpx ERyx (X)

(3

< 2= Ner(rge) (2 — (2 - aij))] Persal, ¥ D G <G
J x#x! v px 751';*
which is a contradiction. Thus there exists at least one p; xr, > 0 such that z; <c;.

(ii) Suppose there exists x’,r} such that z < ¢; and Pt >0 In period ¢ <¢7. Then

/
E TiPt x,re :xipt,x’,ré + E LTiPt,x,r¢

x,rt ER¢(x) x#x/ r#£r!

/
Sxipt,x’,r; + C; E Pt x,re
x#x r#r!

<cip15,x’,r{5 + (& E pt,xmt = C;.
x#£x!  r#r!

However, according to the definition of ¢, we have A, ;(r;) (z; — (z; — @i;)) Ptx,r, =0 Vt,4,x, 1, and

then according to constraints (51)

Z LiPt,x,ry = Z Li— Z Ai—1,5(re) (@ — (@5 — i) | Pr—13er,
J

x,rt €R¢(x) x,re—1€R¢—1(x)
= E TiPt—1,x,pp_1 = -+ = E ZTiP1,x,r; = Ci,
x,r¢—1€R¢—1(x) x,r1 €R1(x)
which is a contradiction. Thus for all p; x ,, >0, z; =¢;. [ |

PROPOSITION 7. For primal problem (P)# there exists an optimal solution (0*,V*) such that

01>05>...>200>0r,=0,

Vl*,'>V2>tiZ'--ZV;,iZV;+1,i:0a Vi

T =

Proof. In program (P)# since V t,x,r; € R;(x) all constraints are satisfied, then for each period
with x =0 and ), ;(r,) =0, Vj all constraints are also satisfied. Therefore we have §; —60;,, >0, Vt.
Then we prove the monotonicity of V Vi’. Suppose t}, exists.

(1) First we prove V", >V} | ;» when ¢ > 7.
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Suppose the optimal solution for primal problem (P)# is V* 6*. According to complementary

slackness, for p; ,r, >0 in dual problem (D)#, we have

0; t+1+z i — t+11$+z)\tj (re) thiu Ti—ai;)) =Ty =0

According to (1) in proposition 6, there exists x; < ¢;. Thus we can set 2}, =z +¢ < ¢y and for
other i #1i', x; stay the same, where ¢ < ¢;; — xy is a small positive integer. The constraints in

primal problem (P)# still holds, that’s

0< t+1 + Z m t+1 )T+ (‘/tjki’ - ‘/tj-l,i’) (s +¢)
i
+Z)‘tj (r0) [ D Vi (s — (@i — ai)) + Vi o (v + 6 — (@ — aw; +€)) — 1
£

. * * *
= 07 t+1 + E m t+1 )T+ § At J (r, <§ V;t+1,iaij - Tt,j) + (Vm/ - V£+1,i/)5
i

= (Vt*z' - ‘/til,i/)g

Because € > 0, thus V7, = V", >0, V75, > V7
(2) Secondly we prove V", <V, when t <t}.

Because ., . cr,(x)Pxr, =1, there exists at least one p;xr, > 0. Then there is one zy = ¢y,

according to complementary slackless

9:+1+Z i t+1le+z/\tj r;) Z‘/tj-lz T — (@ — aij)) —re;| =0

According to (2) in proposition 6, z; = ¢;. Thus we can set z/, = ¢y —e and for other i # ¢, z; stay
the same, where € < ¢y is a small positive integer. The constraints in primal problem (P)# still

holds, that’s

0< 0y t+1+z i — Ve + (Vi = Vi) (co — )
i#i!

+Z)\t1 (re) ZVt*ﬂz —ay)) + Vi (cr —e—(cv —ay —€)) =1y
i’

= 0 — 0/ + Z(‘/t*l = Vi)mi+ Z Arj(re) (Z Viiiaij — Tt,j) = (Vig = Viaw)e
i j i

= _(‘/tz’ ‘/tfi-ll)
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<V

Because € > 0, thus V", = V%, <0, V7, ARRE

t+1,4 = t,i

(3) If V7, < V7,

i1 for some ¢ <t then we can raise V", to V/,

1.+ without loss of optimality.

V;t/,i’ = t:—l,i’? 0£ =0; + (Vt*z' - Vtil,i/)ciu
For constraints with period ¢ and ¢+ 1, according to proposition 6, there is

Wt(eilsy ‘9;-17 Vz/ta V:—i—l)

= 6, -0+ Z i — Vi )wi + (‘/t/z’ = Vio)me + Z At,j(Te)
i/ J

Z Vi (@i — (2 — aiy)) — Tt,j]

= 0/ +(Viiy —Viuer =07, + Z v — Vi) zi+ (Vi — Vi)z + Z At (T) <Z Vii,i0i5 — 74t,j>
i#i! 7 i

= 0, -0, + Z v = Vidr+ (V= Vi) + Z Arj(Te) (Z Vi iaij — Tt,j) . (52)
i 7 7
Then (52) can be seen as the left hand side of a constraint in (P)# with x = (x4, ...,¢,...,2,,). Thus
7Tt(9§792k+17V27Vf+1)
For constraints with period ¢ and ¢ — 1, from constraints in primal problem (P)#, we have

07, —0; + Z Al 14— t T+ (‘/til,i’ - Vt:ki/)mi’
i’

+Z/\t La(remn) | Vi (@ — (2 = ay)) + Vi (20 — (20 — awg)) = 7e-15 | 20,
i

Then

0;_ 1_9/+Z 1 — Vi) +(‘/t*—1,i’_‘/t/.,i’)xi/_’_Z)\t*l’j(rt*l) ZVt/z (i = (@i — aij)) =11
i#i! 7 i

_ * * * * *
= 0, ,-0;— (Vtz' - t+1 o)cir + § Vi, i V7 i )i + (‘/tfl,i’ - Vt+1,i/)$i’+
i#i!

Z)‘t 15(re1) ZV:Z zi — (@ — aij)) + Vi (@e — (20 — aij)) =i

i’

= 0/, 9*+Z = Vi)ri+ (Ve — Vin)ze
£’

* * * *
Y () | Y Vias +Vigan =g |+ (Vi = Vi) |eo =z + > A1 (tn)ai;
J iti! p
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> (Vi — Vi) (Ci’ — Tty )\t_l,j(rt_l)ai/j> >0

J
The last inequality is satisfied because besides ¢y >z, Ty > Ty — @y, \—1,(re—1) >0, V t,7, we
know when t <t*, V%, ; > V% from part (2).
To sum up, when 6;, V", becomes 0}, V/,,, the problem has the same optimal solution.

If t;, does not exist, all ¢ <t7,, from parts (2) and (3) we can easily get Vi, =V, =...=V}, =
V;—&-l,i/ - O \V/ 7/ ]

Appendix D. SOCP Duality

Constraint (13) can be written as

2 2

0r — 011+ Z(V“ —Vig)zi+1| > Z Bijw; (X)pij + 10y — 01 + Z(Vm —Vigr)z —1
i i i

Then (P1)*%® can be written as a SOCP

P1)AE min 0, + Viics
( ) 0,V,p,5,do,db ! ZZ: b
s.t. d?,x = 975 — 0t+1 + Z(WJ — ‘/t-i-l,i)mi =+ ]., ‘v’t,x,
A =0, =01+ (Vii— Viwra)a; — 1, Vi, %,
Ht - 0t+1 + Z(V;ﬁ,z - ‘/;E+l,i)xi + ]- Z 07 vt7x7
ﬁt’jvx = /Btvjw.j(x)ptyj7 \v/t7x7j7
[0 .
Pt,j‘i‘zaijvtﬂ,i > 0 vt g,
i B
d%x
dt,x
ﬁt,l,x EQ 07 Vt7x7
,at,n,x
pt,j Z 07 V t)j?

where = refers to second-order cone inequalities. The dual program of (P1)4 is

(DSOCP)  max > (il — i) + > 5, (53)
uob88 7 g i 7
st > (uitup)=1, vt,j, (54)

X

(B A )T = § & . T Vi, (55)
Z " " Zx(lu:‘,l—l,x + N?—l,x)xi - Zj ij0—1,5, ift>2,

X
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Srj =3 A/ Briwi (%) <0, Vt,j,  (56)

i x
17
dtax | Z@0, vt,x, (57)
St,mx
505 >0, Vg (58)

At optimality, (56) is binding because we can always increase the objective value by increasing

d;; until the constraint is binding. At optimality, the objective function (53) is

Z %(5&3' _ Z(:u?,x —_ /-Lf:),x) = Z %6t7j — Z (M;&l,x - Mf,x) —2 Z 'u?’x
t,j g tJ ’

t,x t,x:uﬁx+u?,x7ﬁ0 t,x:;¢?7x+;L?,x=O
4 02
D S )
t, t,J t7x¢li‘tl,x+”?,x7£0 :U’t,x /’Lt,x

At optimality, the second equality holds because the last term (i.e., —2 Et:x:u?,x =0 pi ) will
equal to zero to achieve maximum, and constraint (57) is binding to maximize the second term
(i‘e" - Zt,x:,u,ngrugx;éO (:u'?,x - ng))

Define model (DSOCP’) as (53),(54),(55),(56"),(57),(58), where (56’) is the binding part of
(56), ie., 0p;— >, \/5t,jwj(x)5t7j,x =0, Vt,j. Obviously, (DSOCP’) is equivalent to (DSOCP).

We next show that (DSOCP’) is equivalent to (D1)4%. Let ZP% and Z4% stand for the optimal
objective value of (DSOCP’) and (D1)*% respectively. First, we show that any feasible solution
of (DSOCP’) can be mapped to a feasible solution of (D1)*% thus ZP% < ZAR. Suppose that
(ﬂ?ﬁx,ﬂf,x,gt,j,a,j’x) is a feasible solution of (DSOCP’), we can construct a feasible solution of

(D1)4E as the following.

52

t,j,x

na ~nb
e + [ x

X110 (%), A HAf o #0

It is easy to see that fi,, and d,; meet the second and third constraints of (D1)*%, which are
equivalent to Constraints (54) and (55) of (DSOCP’).

By constraint (56’) and (58), we can get

2
5t2,j = 81:2] = <Z \/ Brjw; (X)gt,j,x> (59)
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= B > w; () i x F (60)
et ()., 20 Hix

<Bu| D w®ux D (61)
t,x70 x:w; (

xiw; (x). /i ()i 0

= (Z Wj (X)ﬂt,x> St (62)

(60) holds because that

Z Sf,j,x < (/l?,x =+ l&/?,x)(ﬂ(tl,x - IEL?,X) = ﬂt,x (l&/ta,x - ﬂ?,x)

J
by the conic constraint (57), and if f;, = 0, gt,j,x = 0,Vj. (61) holds because of Cauchy-
Buniakowsky-Schwarz Inequality. Therefore, any feasible solution of (DSOCP’) is feasible to
(D1)AR, and ZPS < ZAR.
It is easy to see that the first constraint of (D1)4® is binding at optimality. We then show that
any feasible solution of (D1)*# with the first constraint binding is feasible to (DSOCP’), and
thus ZP$ < ZAR. Suppose (fi¢.s, 01,51, is a feasible solution of (D1)4® with the first constraint

binding. We can construct a feasible solution (/i ,, ﬂg7x75t,j,§t,j,x) to (DSOCP’) as the following.

0t,5 =0t
Ot.jx = Prj\/) Br.jW; (X) it s
52
(Z]ﬂtt,],x +ﬁt,x
e X oo~
lut,x - - 2 if Hix 7& 07
0, if fig = 0.
;62 4
~b <ﬁt’x_%)
Hix=§ ~——=—, if fi;x #0,
0, if figx = 0.

where

5y . -
(Pt g - ﬁt,j Zx Z)i (x)p‘t,x ’ lf Zx w] (X)'LLt’x 7é O
’ 0, Otherwise.

It is easy to see that fif,,/f, and 6;; meet Constraints (54) and (55) of (DSOCP’). What’s
more, for Y w;(x)firx = 0, d,; = 0,; = 0 according to the quadratic constraint in (D1)*%. For

Zx wj (X)lat,x ?é 07

~ Sm &
g \/ Brjw; (%) jx = g Bt jw;(x) B S w, (% \/ Bejw;i (X)fie x = 6 ;-

~ na o N . ~ na S na N ~ > 32, j, X
For Hix = Oaut,x = H?,x = Ovét,j,x = Oa\v/.] For Mt x 7& 07 (Mnx + N?,x)(ﬂt,x - ,U/g_’x) = /fdt,xjﬁti,txj =

> gfw. Therefore (56°),(57) are satisfied. Therefore, (DSOCP) is equivalent to (D1)* at opti-

mality.
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Appendix E. Proof of Proposition 4

Proof. We start by showing the first inequality. Let L denote a big number. The formulation

(D2)4% can be written as

A Q,
(D3)A7 2 =max Z B0 WZ Bmzt]
s.t. Yei = {C“ %ft:l’ Y t,1, (63)
' yt_u—zj a;j0—1;, ft>2,
8 j < Lz, Vi, j,
Yei = AijZ 5, Vi1, ],
0<z, <1, v t,j.

Let (6%, y*,2*) be an optimal solution to (D3)*#. We can show that A* defined by \;, =d;; for
all ¢,7 is a feasible solution to (DeP) with higher corresponding objective value. From constraint

(63) in (D3)*% we have

E aij)\;j < Ci, Y 1.
t,j

Therefore \* is feasible for (DeP). To show the relationship between the objective value, let
0 if 2z, =0
5,=40 PETD g, (64)
’ 1/zf;, otherwise,
Note that since z;; <1, Z,; > 1 for all t,j such that z;, # 0. The objective function for (D3)**

can be written as

A*

Qi — Ze Ay
ZA;J‘(iﬁ ),
t,j td

which is smaller than the objective function for (DeP) corresponding to A*.

Now, let’s turn to the second inequality in the proposition. Suppose A is an optimal solution to
the deterministic program (DeP) and let

étd ’ Vt,j )

t,J .

J y Vt’ ]7

where e =1+ . Furthermore, let y be recursive defined by (63) and 5. We can show that

mm Cq

(6,¥,%) is a feasible solution to (D3)A%. Since §,,; is monotone decreasing in ¢ for each i, we need

to show that ¢r; > a;;2; ;. To see this, note that we have

T
Yri =Y1,i — E E ;041
t=2 j
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:Cl(l - 1) zj a”)\TJ
€ €
1

> (11—~

> (1)

>1/e

>aij2t]

Therefore, we have

S\t j 5\t j 1 S\t i ~ 1
z >E by § E g (s — e :,g ey = M) = =22
ﬁt tg Bt,gzt,g — B, ( t.J p ) c - ﬂt,j ( 2 tJ) p

This completes the proof. [ |

Appendix F. Monotonicity of Av;;(z;)

The dynamic program (37) is a one dimensional dynamic program, but is different from the dynamic
programming model for single resource revenue management (Lautenbacher and Stidham 1999)
because of the optimization over x_; and the additional term on the right hand side. Nevertheless,
we can still show some familiar structural properties of the value function akin to those for the single
resource revenue management problems. The result is summarized in the following proposition. We

include a proof in the Appendix F for completeness.
PROPOSITION 8. For each i, Av; ;(x;) =01 (xi) — 0pi(x; — 1) is non-increasing in x; and t.

Proof. The proof is by induction for each fixed ¢. We first show the monotonicity with respect
to x;.

For t =T, Avy;(z;) — Avr,(x; +1) > 0 because

ﬁTJ(IL'z) max {Z)\T] I'T)

TT] —+ UT+1 l(xz a; ) 'UT—i-l % z E VT+1 kakj

T _g,rm ; k;#z
—g( T — Vip1n)T k}JrﬁTH,z‘( ; _mrflzaf;{Z)\Td )T — ;Vhﬂ?k}
(2 1

which does not depend on x;.
Now suppose A1 ;(2;) — AUpy1 4(x; +1) >0 for some t <T'. Let (x*,,r}), (x_;,r,), (x”,,r}) be

optimal solutions for v; ;(x; + 1), vy ;(x;), and vy ;(x; — 1), respectively. Then

AV (x;) — AU (2 + 1) =20, 4 (2s) — V(s + 1) — Ui (2 — 1)
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;o o~
Tt,j+vt+1,z‘($z‘—a) Vpy1,i () E Vit il
k#1

- Z(Vt k= Vit ;c} + 20p41,4(s)

ki

= 2 {Z Ar(r})
- {Z)\t,j(r:

ris B (@ 1= ay) = O +1) = Y Vi g

- Z(Vt*k - ‘/t:-lk)‘xZ} —Upgr,i(w; + 1)

k#i k#i
N {Z)‘tﬂ'(rg) T:f/,j F 01,0 (T — 1 = aij) = Vg (s Z Vi, kakJ] - Z(‘/;*k - thug)xg} —Vgriw; — 1)
j ki ki

Y

{Z At (07) [Oeg1i (s — aig) = Vegni(@3) — Vegr i (w5 + 1= ai;) + Vg (2i + 1)]} F Vg1, (23) = Vpgr (s + 1)

{Z)\t i () e (w5 — aij) = Veqr i () = Vpgr (@ — 1 = @iy) + Vg (s — 1)]} F Vg1, (:) = Vpgri(s — 1)

= Z At (1)) (AVpp1,6(2s + 1) — AUy 4(25)) — AUppr (2 + 1)+

Jraj;=1
Z )\z _] AUH»I 1(x - 1) Aﬁtﬂ,i(xi)) + Aaurl,i(l'i)
Jiag;=1

> (ATpri(@) = Abprai(z +1) [ 1= > Ay(ry) | >0.

jiagg=1
The first inequality is satisfied because vy ;(x;) decreases if we use (x*,,r;) or (x_;,”,r;”) instead
of the optimal solution (x’ ,,r}) in the right hand side of the dynamic programming equation. The
second inequality is satisfied because AUy ;(z; — 1) — AUy (z;) > 0 for x; > 1 according to the
inductive assumption. The last inequality is satisfied because > jiag;=1 Arg(ry) <32, Ars(ry) <1land
AUyi1,i(z;) — AVyy1,i(z;+1) > 0 according to the inductive assumption. This shows the monotonicity

with respect to x;.

Next, we show the monotonicity in time. Again, fix ¢. For ¢t <T and z; > 1, we have
A@\t,z‘(xi) = @,i(%‘) - @,i(l’i - 1)

= {Z At (ry)
{Z At (ry)

.
715t Ui (T — aig) — Vpgra(24) E Vi kan;
k#i

Ty 0@ = 1= ay) = V(e — 1) Z Vi, kak]] - Z(‘/t*k - Véllk)x;} — Vg1 — 1)

ki ki

- Z(Vt*k - ‘/t:—lk)xZ} +Vyq1,i(5)—

k#£i

> Z )\t,j (I‘;) [@\t+1,¢(ﬂ3i - aij) - 5)\t+1,i(33i) _i}\t—&-l,i(xi —1- aij) +@\t+1,i($i - 1)] + Ai)\t-l-l,i(xi)
= AUg1.(z +Z>\tj (AVyp1,i(2; — a55) — AUy ,4(25))
= AUy (z)+ (Avt+1,i(l‘i —1) — AVypq () Z e
Jiaij=1
Because Zj:aijZI Ar,j(r}) is non-negative and AU,y ;(x; — 1) > AV i(x;), Ay i(2;) — AUpyq i (x;) >

0. This completes the proof.



