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Customers often exhibit considerable uncertainty in their service valuations. In response, firms may tailor
their products and allow service cancellations. We consider the joint product customization and refund policy
decisions of a monopolistic firm selling to a heterogeneous customer population with imperfect signals on their
valuations. Our results shed light on how customers’ valuation uncertainty, characterized by the valuation
heterogeneity and signal quality, drives the interaction between product line and refund policy designs. In
particular, when the valuation heterogeneity is high, the firm may choose to offer a single quality level with
full refund, leading to a variety reduction in the product line. In contrast, when the valuation heterogeneity
is low, the firm will always offer a full product line without any refund. At moderate valuation heterogeneity,
both qualities and refunds are subject to more customization, and partial refund can be optimal when
the signal quality is high, even though our setup does not involve aggregate demand uncertainty, capacity
limitations, competition, or channel conflicts. Interestingly, despite its appeal, generous refund terms do not
increase aggregate customer surplus. Furthermore, the firm may not have incentives to reduce customers’
valuation uncertainty even if doing so is costless. We verify the robustness of our results and discuss their

practical implications.
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1. Introduction

Customers often exhibit considerable uncertainty in their service valuations.! In response, firms
may tailor their products and allow service cancellation alongside some refunds. A prime exam-
ple is the airline industry. At Air Canada, for instance, the economy-class customers are offered
different peripheral services, in addition to a seat on the airplane, at different rates and some-
times drastically different refund terms. As illustrated in Figure 1, an Economy Standard ticket is
non-refundable while Economy Latitude is fully refundable at Air Canada. An Economy Latitude

ticket also enjoys other benefits including free same-day change, complementary checked baggages,

! We use “product” and “service” interchangeably throughout the paper.
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and priority check-in, all of which are not available for Economy Standard. Therefore, Air Canada

stmultaneously customizes its products and varies its refund terms for its economy class tickets.
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Figure 1  Economy class offerings for a flight from Denver to Montreal at Air Canada.

Product customization and refund terms can vary dramatically across industries, or even within
the same firm. Indeed, for Air Canada, the product options and refund terms for business class
tickets are substantially different from the economy class — only a single, premium service level is
offered for the business class, along with various refund-pricing options. Unlike the airline industry,
however, theme parks such as Disney World offer numerous admission options and in-park services,
but all are non-transferable and non-refundable.

The joint product customization and refund design are often observed when there is a temporal
separation between purchase and consumption. At the time of purchase, customers have valuation
uncertainty and can only make product choices based upon their perceived valuations. Once the
uncertainty is resolved, customers may exercise the return (or equivalently, cancel the service)
depending upon their revealed valuations. Therefore, even though both product customization and
refund policies are levers for customer discrimination, the former acts ex ante, while the latter acts
ex post.

Product design and consumer refunds have each been studied extensively in the marketing and
operations literature. Much of this literature, however, considers refund policies under a given
product line, and often assumes that a single product or quality level is offered. For the research
on product line design, the main focus has been on quality customization and has not incorporated
refund policies. In this paper, we aim to bridge the gap by incorporating refund terms as an
important dimension of product design. Several research questions naturally arise:

1. How do product customization and customer refunds interact with each other?
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2. How does customers’ valuation uncertainty drive a firm’s product customization and refund
terms?

3. When should firms reduce customers’ valuation uncertainty via information provision?

1.1 Summary of Main Results

We consider the following setup. A monopolistic firm serves a customer population with uncer-
tain valuations. Customers are either high-type or low-type, valuing product quality differently.
Customers do not observe their types before the purchase but receive an imperfect signal indicat-
ing their types. The firm configures its product qualities, prices, and refund policies. Consumers
self-select the product to purchase based on the signal they receive. After the purchase, customers
discover their true types and decide whether to return the product and obtain a refund.

In this setup, we explicitly model customers’ valuation uncertainty in two dimensions. The first
dimension, valuation heterogeneity, measures the discrepancy between the high vs. low valuation
types. It concerns the heterogeneity among customers’ true valuations that are only revealed ex
post. The second dimension, imperfect signal, determines the customers’ ex ante perception of their
valuation types. The quality of the signal captures the inter-temporal difference between customers’
perceived and true valuations. We show that both dimensions are important drivers of our results.

We fully characterize the firm’s optimal product line with an endogenous refund policy, which
allows us to investigate the interaction between product customization and refund policies. As a
baseline, we show that when refunds are not allowed, it is optimal to offer quality-differentiated
products to different customer segments. However, when refunds are allowed, the firm’s product
line is subject to change except when customers’ valuation heterogeneity is low. As valuation
heterogeneity increases, the quality difference within the optimal product line shrinks while the
refunds become more generous. In particular, when the valuation heterogeneity is high, it can
be optimal for the seller to offer a single product with full refund to all customers, leading to a
variety reduction effect. In this way, the firm can engage all the high-type customers even when
their valuation perception is uncertain ex ante, which cannot be achieved without ex post refunds.
Therefore, the flexibility to vary refund policies allows the firm to work with a narrower span of
quality levels while earning higher profit.

In answering the second research question, we summarize the optimal product line design as
follows:

1. When the customers’ valuation heterogeneity is high, it is optimal for the firm to offer fully-

refundable premium-quality products to all customers.
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2. When customers’ valuation heterogeneity is moderate and the signal quality is low, it is optimal
for the firm to offer non-refundable good-quality service to customers who are optimistic about
their valuations, and fully-refundable premium-quality service to pessimistic customers.

3. When customers’ valuation heterogeneity is moderate and the signal quality is high, it is optimal
for the firm to offer a premium product with a partial refund to the optimistic customers and
a non-refundable low-quality product to the pessimistic customers.

4. When customers’ valuation heterogeneity is low, it is optimal for the firm to adopt a no-
refund policy while providing high- and low-quality products to the optimistic and pessimistic
customers, respectively.

These findings suggest that the optimal product line design is jointly determined by both dimen-
sions of the valuation uncertainty. Specifically, the product line is mainly driven by the wvaluation
heterogeneity when it is extremely high or low (Results 1 and 4); otherwise, it critically depends
upon the signal quality (Results 2 and 3). These results seem to match many observations in
the marketplace. For instance, business-class airfare can be rather standardized and is often fully
refundable. This may be attributed to the significant valuation heterogeneity for business trips,
which is either mission-critical or has almost no value depending on the business needs (Result
1). On the contrary, visitors to Disney World theme parks are only offered non-refundable tick-
ets since they all place a reasonably similar value for such an experience, implying low valuation
heterogeneity (Results 4). Results 2 and 3 emphasize the role of the signal the customers receive.
Notably, in Result 3, partial refunds can emerge as an optimal policy, even though our setup does
not involve aggregate demand uncertainty, capacity limitations, competition, or channel conflicts
— which are common causes identified in the existing literature for partial refunds. Instead, partial
refunds in our paper result from moderate valuation heterogeneity and high signal quality, which
make it more efficient to jointly customize quality ex ante and tailor refunds ez post.

For the last research question, we find that reducing customers’ valuation uncertainty does not
always benefit the firm. That is, a firm may not be interested in improving the signal quality or
letting customers have more accurate valuation ez ante, even if it can be done at little or no cost.
Indeed, when the valuation heterogeneity is high, it is advisable for the firm not to take any action
at all. When the valuation heterogeneity is moderate, the firm should weaken the signal quality
if it is low, or strengthen it if it is high. When the valuation heterogeneity is low, the firm would
weaken any existing signal. In general, information provision is preferable only when customers
have higher valuation heterogeneity.

We consider two extensions of our main model. In the first one, we allow the cost of cancelled
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product to be only partially recoverable. In the second one, we allow customers to upgrade if they
turn out to be high type. We show that our key insights are robust in both extensions.

The rest of the paper is organized as follows. Section 2 surveys the most recent and relevant
literature. Section 3 presents the model preliminaries and analyzes a benchmark case when refunds
are not allowed. Section 4 analyzes the optimal product line design with and without standardiza-
tion and discuss the implications on customer welfare. Section 5 investigates the firm’s incentive
to improve the signal quality. Section 6 considers two model extensions and verifies the robustness

of our main results. Section 7 concludes. All technical proofs are relegated to the Appendix.

2. Literature

Our research intersects with two streams of literature: consumer refund policy and product line
design.

There is an extensive literature on consumer refund policies, covering the various reasons that
may trigger consumer returns such as opportunism (Chu et al. 1998, Shang et al. 2017), product
quality (Moorthy and Srinivasan 1995, Hsiao and Chen 2012), product mismatch (Davis et al.
1995, Guo 2009, Shulman et al. 2010), alternate options (Xie and Gerstner 2007), unattended
service (Gallego et al. 2015), customer no-shows (Ringbom and Shy 2004, Ringbom and Shy 2008)
and valuation uncertainty (Che 1996, Courty and Li 2000, Liu and Xiao 2008, Su 2009, Chen
2011, Shulman et al. 2011, Akcay et al. 2013, Akan et al. 2015, Shulman et al. 2015), just to
list a few. Furthermore, consumer refund policies have been studied in both manufacturing and
service settings. Most of the aforementioned papers focus on the manufacturing setting, with a
few dedicated to service settings such as Courty and Li (2000), Xie and Gerstner (2007), Liu and
Xiao (2008), Ringbom and Shy (2008), Guo (2009), and Akan et al. (2015). Due to the volume of
papers involving consumer refund policies, we do not attempt to conduct a comprehensive literature
review. Rather, we will only discuss those papers that are most relevant to ours, namely, papers
that study the service settings where returns are triggered by consumers’ valuation uncertainty,
and those that offer insights on partial refunds.

In the service context, customer refunds are usually triggered by valuation uncertainty, as can-
cellation normally takes place before a service is experienced. Courty and Li (2000) introduce a
price-refund menu as a way for the seller to screen customers of different valuation distributions.
Akan et al. (2015) extend the problem by allowing customers to learn their valuations at different
times so that the seller can screen on both the amount and timing of the refund. Liu and Xiao
(2008) suggest that either the service or the refund should be offered on a more restricted basis

when there is a capacity constraint; in addition, they study the impact of capacity rationing on the
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price-refund menu design. Chen (2011) considers a capacity-constrained seller facing both aggre-
gate demand uncertainty and heterogeneous customer valuations, and develops an optimal selling
scheme that induces truthful revelation. Even though we do not consider the capacity issue in the
current paper, our results corroborate the idea that refund may not be offered to all customers
due to quality customization. Our work is also related to the recent literature on the impact of
information provision regarding uncertain valuations. Shulman et al. (2015) find that information
provision may increase the cancellation rate, particularly when the pre-purchase valuation is mod-
erate with regard to the price. By configuring the optimal quality-price-refund menu, our study
further shows that information provision may harm the firm’s profit, depending on the level of
valuation uncertainty.

Another research question that has attracted considerable attention in the literature is when
full or partial refunds should be offered. Davis et al (1995) use a stylized model to demonstrate
the conditions under which a full refund should be offered. Ringbom and Shy (2004) propose the
use of common prices but different partial refunds in order to discriminate among customers of
different no-show rates. Xie and Gerstner (2007) show that in the presence of finite capacity, a
seller can benefit from a partial refund for service cancellation as freed capacity can be used to
serve other consumers. Ringbom and Shy (2008) study collusive pricing and refund policies in the
service industry. They show that monopolistic and collusive service providers offer full refund, while
competitive service providers offer partial refunds. Guo (2009) studies the rationale behind offering
partial refunds in a competitive setting and identifies capacity scarcity as a key driver for partial
refunds that are adopted in equilibrium. Su (2009) studies consumer refund policies in a supply
chain setting. He shows that it is optimal to offer partial refunds, which are driven by aggregate
demand uncertainty. Shulman et al. (2010) also demonstrate the optimality of partial refunds in
a supply chain. Their focus is whether the manufacturer or the retailer should process product
returns. Shulman et al. (2011) further show that partial refunds can be more frugal in a competitive
than monopolistic environment. Hsiao and Chen (2012) illustrate that there are conditions under
which refund can exceed the full price. Tran et al. (2018) study return policy design in a supply
chain setting and find partial refund can be introduced to decrease profit variability. Partial refunds
also constitute an important element of our result. We show that partial refunds can emerge as an
optimal policy, even when there are no capacity limitations, aggregate demand uncertainty, risk
aversion, competition, or channel conflicts, and the key drivers lie in quality customization and
valuation uncertainty.

With respect to the stream of research that considers product line design, the existing literature

has examined this issue under various context, including market segmentation (see Moorthy 1984
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and references), distribution channel (e.g., Villas-Boas 1998, Liu and Cui 2010), advertising (e.g.,
Villas-Boas 2004), consumer evaluation and research costs (e.g., Villas-Boas 2009, Kuksov and
Villas-Boas 2010), preference structure (e.g., Orhun 2009, Kim et al. 2013), just to list a few. We,
however, focus on how the product line design can be affected by customers’ valuation uncertainty.
In this regard, this paper is most relevant to those considered in Guo and Zhang (2012) and Xiong
and Chen (2014). Both papers consider a mixture of high- and low-type customers, and study
how to design the best product offerings for each type. Specifically, Guo and Zhang (2012) study
the impact of consumer deliberation on optimal product design. Xiong and Chen (2014) allow
consumers to choose a standard product before learning about their types, or pay for a learning
fee and choose afterwards. However, neither of the two papers considers the option of refunds after

customers discover their true types.

3. Model Preliminaries

A service provider (henceforth referred to as the “firm,” with a masculine pronoun) serves a market
with total demand normalized to 1. The firm can serve the market with one or more products.
Each product is defined by a triplet (g, p, ) with quality g, price p, and the refund rate 5 € [0, 1].
Products can differ from each other on all or a subset of these attributes. For example, two products
can share the same quality but have different prices or refund rates. The cost of serving one unit
of product at quality level g is ¢?/2. If the product is returned, no cost will be incurred and an
amount Sp will be refunded to the customer. This setup is meant to resonate with service settings,
where cancelled service does not incur any materialized cost. However, such a setup may not be
suitable for physical goods where product cost is incurred prior to purchase and returns may involve
non-trivial costs such as shipping and repackaging. Nevertheless, as will be discussed later in §6.1,
allowing only part of the product cost ¢?/2 be recoverable does not impose structural changes to

our main results.

3.1 Valuation Uncertainties

Each customer (henceforth referred to by a feminine pronoun) has a quality valuation 6 and derives
a product valuation fq for a product with quality ¢ (Mussa and Rosen 1978). The parameter 6
is uncertain for each customer, who can be “high-type” with quality valuation 0y, or “low-type”
with quality valuation 6. Specifically,
0y, with probability «,
o= { 01, with probability 1 — «,
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where 0 < a <1 and 0y < 0y. In order to simplify our notation, we use § to denote 1 —y for
any y € [0,1] in the rest of the paper. The distribution of 6 is known to both the firm and the
customers, and the ratio 0 /0y, henceforth referred to as valuation heterogeneity, is an important
characteristic of customers’ valuation uncertainty.

Customers do not observe their valuations prior to purchase. Instead, each customer receives a
private signal, “Good” or “Bad,” indicating her true type. Subsequently, we refer to these customers
as the “good-signal” or “bad-signal” customers, respectively. The quality of the signal can be

measured by the probability of getting the right signal conditional on one’s true type:
P{Good | High-type} = P{Bad | Low-type} = p,

where we assume p € (1/2,1]; thus the signals are informative. As one’s valuation type is only
revealed after the purchase, the signal quality p reflects the disparity between the perceived and

true valuations, representing another important characteristic of customers’ valuation uncertainty.

The signal and valuation types jointly divide customers into four categories based on their

perceived valuation ex ante and true valuation ex post, as illustrated in Table 1.

Table 1 Customer categorization based on er ante and ex post types.

Prior to Purchase
Good Signal Bad Signal

Post Purchase High Valuation pa po

Low Valuation pa pa

Prior to purchase, there are two segments of customers — a fraction pg = pa+ pa are good-signal
customers and the rest, a fraction of pgp = pg = pa + pa, are bad-signal customers. Each segment of
customers can apply Bayes’ Rule with the knowledge of valuation distribution to estimate their true
types. For instance, a good-signal customer is of high-type with probability as and a bad-signal
customer is of high-type with probability ag, where

G= Lﬁ, ap = ﬂ.

po+ pa po+ pa
The expected valuations for good- and bad-signal customers are g = agly + (1 — ag)f and
0p = agly + (1 — ap)fr, respectively. Observe that, since p € (1/2,1], a good signal implies a
higher chance of being a high-type customer, as well as higher expected quality valuations; i.e.,

ag>a>ap and 0g > 0p.
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After the purchase, valuation uncertainty is resolved and customers learn their true types. The
customers again fall into two segments — a fraction a are high-type and the rest & are low-type.

Customers make return decisions based on their true valuation types.

3.2 Customer Choice and Market Outcomes

Given that the signals are private for individual customers, the firm faces an adverse selection prob-
lem. The firm needs to design a product line with at most two products, product “G”, (¢g,pa, Bc),
and product “B”, (¢B,ps,Fn), catering to the good- and bad-signal customers, respectively. When
(ge,pc,Bc) = (¢8,pB, BB), the two products are identical and only one product is offered to all
customers. The firm can also choose not to serve the good- or bad-signal customers; in our analysis,
this can be done by assigning them a dummy product (0,0,1).

Let u,; denote the expected surplus for customers receiving signal s and purchasing product i,
where s,i € {G, B}. To induce the good-signal customers to choose product “G” and bad-signal
customers to choose product “B”, the firm needs to ensure that both individual rationality (IR)

and incentive compatibility (IC) constraints are satisfied. That is,

uge >0, (IRg)
upp 20, (IRp)
UGG 2 UGB, (ICq)
Upp > UBG- (ICp)

The following Lemma is a result of the (IR) constraints, noting that a customer will return the

product if and only if the potential refund exceeds the true product valuation.
LEMMA 1. Only the low-type customers may exercise the refunds.

Therefore, the expected surplus for customers receiving signal s and purchasing product ¢ is
us = s (Ouq; — pi) + asmax{0pq; — pi, —Bipi} = g + a,max{0.q;, Bip;} — pi, (1)

and a customer who has purchased product i € {G, B} will return the product if and only if (i) she
turns out to be of low-type (0 = 6;), and (ii) the refund exceeds her product valuation (6.q; < B;p;).
In other words, a customer will keep the product with quality ¢; should her valuation turns out
to be high, or return the product and obtain a refund of §;p; if her valuation turns out to be
low. In any event, the quality ¢; and refund §;p; jointly determine the customer’s reward after the
uncertainty resolves. It then follows that there are four possible market outcomes with regard to

customer refunds:
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RR: all low-type customers will claim the refund;
NR: only bad-signal (purchasing product “B”) low-type customers will claim the refund,;
RN: only good-signal (purchasing product “G”) low-type customers will claim the refund,;
NN: no customer will claim the refund.

In order to design the optimal product line, the firm needs to investigate the optimal product line

design under each market outcome, and compare the profits across the four candidate solutions.

3.3 Benchmark: Product Line Design without Refund

We first analyze the benchmark case where no refund is allowed. It also corresponds to the product
design under the market outcome NIN. Before proceeding, we introduce the following notations

and relations that will be used in the remainder of the paper:

A _
S\, o, ) = S22 VO0<ay<ap<1,0<A<1,
O[l—)\O[g
a="2""2 <ap<a<ag,
Ze
90:max{a06’H+6409L,0} SQB SGG SGH,
— ao
¢0_ 1—@0.

Whenever comparison arises, we refer to 6y as “inferior”, 05 as “moderate”, and 0z as “high.”

When no refund is allowed, i.e., Bg = g =0, the firm solves the following optimization problem:

max - pa(pe = 46/2) + pa(ps — 45/2)
4G4B-PG-PB=0
s.t. (IRG), (IRB), (ICG), (ICB)

Note that this formulation allows both single- and dual-quality design, as well as partial or full

market coverage. The results are summarized in the following Lemma.

LEMMA 2 (Optimal Product Line Design without Refund). When no refund is offered,

(i) the optimal product line is

(quJ?gN) = (0,0 (0c —0o) +6005),

(quvpgN) = (903 9093) ;
(ii)) When (%z > ¢y, the firm is better off with dual-quality design and full market coverage (Og >
0o > 0); otherwise, the firm is better off with single-quality design and partial market coverage

(QG >90:0).
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Lemma 2 shows that each customer segment will be assigned a distinct quality level. Good-signal
customers will be served with moderate quality (¢ = 6), and bad-signal customers will be served
with inferior quality (¢ = 6,) or unserved when 6, = 0. When some threshold condition is satisfied,
the entire market will be covered at two distinct quality levels; otherwise, the market will be

partially covered by one product. Specifically, dual quality design is optimal for any valuation

heterogeneity (01/0y) when ag > 0, or equivalently, o > 2?22 ”:S As will be shown in the next

section, this may not be true when refund is allowed.

4. Optimal Product Line Design

We now analyze the optimal product line design where refunds are allowed. The firm needs to design
two products, (gg,pa, Bc) and (¢B,ps, Br), targeting good- and bad-signal customers, respectively.
As discussed in Section 3.2, in order to find the optimal product line design, the firm compares
the optimal product lines under each possible market outcome. As an example, the optimal design

with the market outcome RR can be identified by solving:

HRR o _ an2G — — anQB
P, = pc | pc — acBapc — 5 ) tPal\ps— apfpps — 5
uge = 0, (IRq)
upp > 0, (IRp)
uce > ugp, [Cgq)
St upp > upg, ([Cp)
Bape > 0Lqc, (RRg)
Bepe > 0.qs, (RRp)
BG S ]-a
BB < 1.

The firm’s profit in the objective function includes initial revenues, net of refunds issued to cus-
tomers, minus the service cost for customers who choose to keep the product. The (IR) and (IC)
constraints ensure that the products are targeting the right set of customers, and the (RR) con-
straints ensure the RR market outcome — that all low-valuation customers, whether purchasing
product G or B, will exercise the refund.

The solution under the market outcome NN was characterized in Lemma 2. The problem for-
mulations for market outcomes NR and RN can be written in a similar fashion as that of RR
above; we relegate the details to Appendix A. Comparing the profits across all market outcomes
gives the results in Table 2. The key findings of the optimal design are summarized in the following

theorem.

THEOREM 1 (Optimal Product Line Design). When refunds are allowed, there exists ¢* >

¢* >0 and % <p<1, such that
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Table 2 Optimal Product Line

oh - < B -
Valuation Heterogeneity High zf/eH - Moderate: ¢" < 0r/0g < ¢~ Low:01/0m > ¢
Signal Quality Low:p<p High: p>p
Quality (¢&,95) (0m,0H) (0c,0H) (0w, 60) (0, 00)
(0c (0 —60) + 0005 ~
. . 0c(0c — 0
Price (pis,p) (actl ~03,0%) | (03.6%) 611 (01 — o) + (06 o) +
6095,0005)
0005,0005)
2 (2 -
Refund Rate (55,65) || (55 — 22 34,1 (0,1) a0} -5 08100 (0,0)
agrg )
Market Outcome RR NR RN NN

In the table above, ¢*=min{¢(\/ac,aq,1),¢(/ap,ao,1)} and ¢* =max {¢(v/ac,aq, 1), ¢(/aB, a0, 1)}.

(i) if 9% < ¢, the market outcome is RR, and the firm may offer a single, high quality, fully
refundable product (qc =qp =0u, Pc=Pr=1) to all customers;

(ii) if ¢ < «% < ¢* and p < p, the market outcome is NR, and the firm should offer moderate
quality product to good-signal customers (qqg = 0 ) without any refund (Bg =0), and high quality
product to bad-signal customers (qg =0y ) with full refund (B =1);

(iii) if ¢" < gTI} < ¢* and p > p, the market outcome is RN, and the firm should offer high quality
product to good-signal customers (qq = 0y ) with partial refund (0 < Bg < 1) and inferior quality
product to bad-signal customers (qp = 0,) without any refund (B =0);

(iv) if ZTLI > ¢*, the market outcome is NN, and the firm should offer moderate quality product to
good-signal customers (qq = 0g) and inferior quality product to bad-signal customers (qg =0,)

without any refund (B =P =0).

The results clearly demonstrate how the optimal product line varies with respect to the valuation
uncertainty. To begin with, we observe that when the valuation heterogeneity is high (0. /0y < ¢"),
so the valuation uncertainty is high ex post, the firm should defer all customer discrimination ex
post accordingly. That is, the firm can rely upon a single, high quality (¢f = g5 = 6x) product that
is fully refundable (55 = 85 = 1), to serve both good- and bad-signal customers. Even though there
is room for refund customization (product G tolerates some price-refund trade off as shown in Table
2), only one quality level will be offered to all customers. This is in stark contrast to the case when
refund is not allowed, where the firm may adopt a dual-quality design (¢X~ =605 > ¢85~ =6, > 0)
under certain conditions (e.g., when ag > 0). In fact, it can be shown that there always exists
situations where the optimal design with refund entails a single high-quality level, while the optimal

design with no refund calls for two distinct quality levels.
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COROLLARY 1 (Variety Reduction). There are always ¢y < ¢* and customer refund induces a

variety reduction in product line design when vy, /vy € (¢o, @]

Recall from Lemma 2 and Theorem 1 that ¢ is the threshold above which the no-refund design
uses dual quality, and ¢ is the threshold below which the customized design offers a single quality.
As shown in the proof of Corollary 1, there is a non-trivial region within which customized design
offers less quality levels than the benchmark no-refund design. We refer to this effect as wvariety
reduction. This variety reduction effect is akin to the seminal result of Moorthy (1984), who shows
that customers’ incentive compatibility constraints sometimes cause the firm to combine products
for different customer segments. The single-quality design entails extracting value from the high-
type customers only. Since low-type customers do not value the product much, serving them will
cannibalize the revenue from high-type customers. The strategy of targeting high-type customers
only, however, cannot be operationalized without refund; since customers do not know their type at
the time of purchase, type-based screening at the time of purchase is infeasible. Therefore, without
refund, the firm is heavily dependent upon imperfect, signal-based screening tools ex ante, such
as quality customization, for customer discrimination. With refund, the firm can perform more
effective, type-based screening ex post, by offering premium quality service at high-type customers’
maximum willingness to pay.

When the valuation heterogeneity is rather low (6,/0y > ¢*), hence the valuation uncertainty
is low ex post, offering refunds will encourage returns from some customers and leaving these cus-
tomers unserved, potentially hurting the firm’s revenue. Thus the firm will discriminate customers
exr ante via quality customization, and will not offer any refund. Coupled with the no refund policy,
the firm offers the lowest quality among all scenarios, i.e., 65 for good-signal customers and 6, for
bad-signal customers, since customers only pay for the expected quality and do not have a recourse
when their valuations turn out to be low.

Finally, when valuation heterogeneity is moderate (¢* < 61, /6y < ¢*), the optimal product line
depends on the signal quality, namely the ex ante valuation uncertainty. In this case, both refund
and quality are customized, and refund is only allowed for one product. When the signal is weak
(p < p), the ex ante valuation uncertainty is high. The firm should then tone down ex ante quality
customization and put more weight on ex post refund customization. As shown in the third column
in Table 2, customers are offer good and premium quality products, whereas one is non-refundable
and the other is fully refundable. When the signal is strong (p > p) and the ez ante valuation
uncertainty is low, however, the firm should shift more weight to ex ante quality customization.

Indeed this is the scenario where product qualities exhibit the largest gap, 05 vs 6y, and partial
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refund may arise as a result of reduced discrimination ez post. We summarize the effects of valuation

uncertainty in Corollary 2.

Table 3 Customization Strategy

Valuation Uncertainty Product Line Customization
ex post ex ante ex post ex ante
High Full None
Moderate High Full or None Low
Moderate Low Partial or None High
Low None Moderate

COROLLARY 2 (Effects of Valution Uncertainty). (i) The firm offers higher quality levels and
more liberal refund policies as the valuation heterogeneity increases;

(ii) Under moderate valuation heterogeneity, the bad-signal customers are offered a high quality
product and more generous refund than good-signal customers when the signal is weak; the opposite

1s true when the signal is strong.

Note that in Corollary 2(ii) when the valuation heterogeneity is moderate and signal is strong,
it is valuable for the firm to fine tune the refund terms and offer a partial refund (0 < 8% < 1).
Specifically, such fine tuning of refund terms does not add value in the scenario when the valuation
heterogeneity is moderate but signal is weak (p < p). Hence partial refunds reflect the adjustment in
ez post customer discrimination in response to a more accurate signal. This finding is summarized

in Corollary 3.

COROLLARY 3 (Partial Refunds). Partial refunds (0 < 8 < 1) may arise when the valuation

heterogeneity is moderate and the signal is strong (p>p).

Note that the threshold signal quality p changes with a. The next proposition characterizes the

values of p for different o values.

PROPOSITION 1 (Threshold Signal Quality). The threshold signal quality p varies with «. In
particular, we have (i) p=0.5 for any o € (0,5]; (i) 0.5 < p <1 when o€ (3,3); (i) p=1 for
any a € [0.5,1].

Together, Theorem 1 and Proposition 1 suggest that whether partial refund should be offered

is influenced by both valuation uncertainty and market composition. In a market dominated by

low-type customers (a < %), offering a full refund policy can undermine the profitability of the firm.
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The firm should use partial refunds at all times (p =0.5). As the fraction of low-type customers
drops (o increases), the firm can afford to offer more liberal refund policies coupled with higher
quality when the signal is less accurate (p < p € (0.5,1)). When the majority of customers are
high-type customers (« > 0.5), the threshold quality p =1, and the firm can restrict to full-or-no
refunds without regard to the signal quality.

4.1 Numerical Examples

We conduct a numerical study to illustrate the impact of valuation uncertainties and market
composition on the optimal product line. The results are shown in Figure 2. The vertical axis
corresponds to market composition («), and the horizontal axis represents signal strength (p). We

consider several different valuation heterogeneity corresponding to different values of 01 /65.

0L/ 0,,=0 0L/ 0,=0-2

0.5 06 07 08 09 1 05 0.6 07 08 09 1
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0,/9,,=0.8
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08/
06"
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o ‘ ‘ .
07 08 0.9 1
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Figure 2 Optimal market outcome (RR: all low-type customers will return, RN: only good-signal-low-type cus-
tomers will return, NR: only bad-signal-low-type customers will return, NN: no customer will return)
based upon valuation uncertainties (01 /0x: valuation heterogeneity; p: signal quality) and market com-

position (a: fraction of high-type customers).

The top left graph describes the scenario where the low-valuation customer will derive zero

utility (01,/60x = 0); therefore, the valuation heterogeneity is high. In this scenario, the firm will
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make refunds available to all customers (i.e., the market outcome is RR), regardless of the market
composition («) or signal quality (p).

As the valuation heterogeneity decreases (01 /0y increases), it is more likely that the refund
will be restricted to one of the products, but RR is still optimal as long as the fraction of high-
valuation customers (a) and the valuation heterogeneity are reasonably high. In other words, the
boundary conditions for the RR. outcome (¢*) is characterized by both the fraction o and signal
quality p. For example, to ensure that 0,/0y = 0.2 falls below ¢, the fraction « should exceed
0.07 for the null signal (p=0.5) and 0.18 for near-perfect signal (p approaching 1). For a relatively
low heterogeneity level 6, /6y = 0.48, a should be over 0.9 (for the null signal) or 0.42 (for the
near-perfect signal) for the market outcome to be RR.

When the valuation heterogeneity drops below a certain threshold, e.g., 6;,/0y > 0.5, RR is
never optimal, and NN becomes more dominant. In all four graphs, the market outcome NN
is optimal under conditions that are opposite to those inductive to RR — when the fraction of
high-valuation customers («) as well as the valuation heterogeneity are both low. Specifically, when
01 /0x approaches 1, NN will always be adopted.

The bottom left graph (61, /60y = 0.48) illustrates the ranges for RN and NR when the valuation
heterogeneity is moderate (¢" <6, /0y < #*). In general, RN occupies the southeast region while
NR . occupies the northwest. Consistent with our analytical results, refund will only be exercised
by the good-signal customers (RIN) if the signal is strong but high-valuation customers are rare,
and only by bad-signal customers (NR) when the signal is weak but high-valuation customers
are plentiful. The actual market outcome depends upon the valuation heterogeneity (6, /0y). For
example, consider the case with o = 0.7 and p = 0.6, the optimal product line would yield the
market outcome RR — NR — NN as 6, /0y increases from 0 to 1; but with « = 0.3 and a
more accurate signal p=0.95, the market outcome would vary from RR — RN — NN as 0, /0y
increases from 0 to 1.

We also wish to comment on the instance where the signal is perfect and customers know their
true types before purchase, i.e., p=1. It can be verified that market outcomes shown on the right
edge of each graph in Figure 2 will yield the same profit for the firm as NN. Thus, the firm can

simply use the product line developed in Lemma 2 corresponding to the market outcome ININ.

4.2 Standardization

We have now fully characterized the optimal product line. Next, we consider product line standard-
ization where either a standard quality or a common refund is offered to all customers. Standard-

ization can simplify the product line, and can be useful when the cost of introducing additional
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products or managing a complicated refund policy is high. We also find that sometimes it can be
optimal to customize either the product quality or the refund terms, but not both, even if the firm

possesses such capability.

PROPOSITION 2 (Optimality of Standarization).
(i) A standard refund mazimizes the firm’s expected profit when the signal is strong and the high-
type customers does not form the magjority;

(ii) A standard quality mazimizes the firm’s expected profit when the valuation heterogeneity is high.

When the valuation heterogeneity is low or high (61, /0x > ¢* or 0, /0 < ¢"), it can be derived
from Theorem 1 that a common refund rate (Gg = 8p) is optimal. When the valuation heterogeneity
is moderate (¢" <0r/0y < ¢*) and the signal is strong (p > p), the optimal design involves an RN
market outcome with partial refund to the good-signal customers. In this scenario, we are able to
show that the optimality would sustain even if the same partial refund is extended to the entire
population, as the bad-signal customers would prefer not to exercise such refund and the market
outcome remains to be RN see details in Appendix C. Thus a standard refund is optimal when
the signal quality p is over the threshold p. In addition, given that p =1 when « > 0.5 as shown
in Proposition 1, the optimality of standard refunds requires the high-type customers not forming
the majority of the market (a < 0.5).

Propositionpp(ii) follows immediately from Theorem 1. As shown in Theorem 1, offering a single
quality (¢e = ¢p) is optimal if and only if the valuation heterogeneity is high (0. /0y < ¢). Other-
wise there is always a need for quality customization. The driving force of quality standardization
was discussed after Corollary 1.

In addition, we investigate the optimal design when the firm is required to offer a single quality
level across all customers, but may customize refunds; see details in Appendix B. It turns out
that the firm would always apply highly differentiated refund terms (none or full) to effectively
discriminate the customers ex post, due to the fact that offering a standard quality makes it
impossible to discriminate customers ex ante. Consequently, partial refund will not be used together

with offering a standard quality.

4.3 Consumer Welfare

How does customer welfare vary across customers? Would customers be better off under customized
refund rates than a standard refund rate? We summarize customers’ surplus in Tables 4 and 5.
Overall, customers fall into four categories depending on the signals they receive and valuation

types, denoted by GH, GL, BH and BL, where the first letter represents the signal (“Good”



Huang and Zhang: Service Product Design and Consumer Refund Policies 18

or “Bad”) and the second reflects the valuation type (“High” or “Low”). The surplus for each
customer category is calculated under all possible market outcomes induced by the optimal design

with a standard (Proposition 6), as well as customized (Theorem 1) refund policy.

Table 4 Consumer welfare under standard refund policy

Customer Type ‘ Full Refund ‘ Partial Refund ‘ No Refund
GH 0 OO0y —0g)+00(0c —0p) Oc(0g —0c)+00(0c — 0p)
GL 0 —05 (0 —0r)+00(0c —0p) <0 | —05(0c —0r) 4+ 00(0c —05) <0
BH 0 000 —05) 000 —05)
BL 0 —QO(HB—GL)<O —HO(QB—QL)<0

Table 5 Consumer welfare under customized refund policy (when not coinciding with the standard policy)

Customer Type ‘ Full Refund ‘ Customized Refund ‘ No Refund
GH 0 Oc(0g —0c) Oc(0g —0c)+00(0c —0p)
GL 0 —0c(0c—01) <0 | —05(0c—01)+6y(0c—05)<0
BH 0 0 0o(0 — 05)
BL 0 0 _00<03_0L)<0

In general, customers who are offered a full refund will always end up with a zero surplus.
Other than that, high-valuation customers receive a positive surplus, while low-valuation customers
receive a negative surplus. Ex ante, good-signal customers expect a positive surplus 6y(0g — 05),
while bad-signal customers expect a zero surplus under both standard and customized refund
policies. This suggests that customizing the refund policy does not necessarily change customers’
ex ante expected surplus.

Note that the optimal product lines under the standard and customized refund may coincide
with each other, e.g., when the conditions in Proposition 4.2(ii) hold. To make the comparison more
meaningful, we consider scenarios where the policies are distinct under the standard and customized
refund, which occurs under moderate valuation heterogeneity, i.e., 0, /0y € [¢", ¢*]. In this region,
a standard refund will allow no refund while the customized refunds will offer distinct refunds.
From Tables 4 and 5, high-type customers are always better off under the standard refund, while
low-type customers are better off under the customized refund. These findings are summarized in

the following proposition:

PROPOSITION 3. (i) The refund policy does not change the expected customer surplus based on
stgnals;
(ii) High-type customers receives more (resp. less) surplus under the standard (resp. customized)

refund policy, while the reverse applies to low-type customers;
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(iii) The standard refund increases the variance in customer surplus, while the customized refund

reduces the variance in the customer surplus.

5. Reducing Customer Uncertainty via Information Provision

In our model, one source of valuation uncertainty originates from the imperfect signal customers
receive. Refunds can be viewed as an ex post information provision device that allows customers to
adjust their purchase decisions. Should customers have better knowledge of their types, however,
the firm may serve them differently. We therefore would like to investigate whether the firm may
benefit from any ez ante information provision by improving the signal strength, which is the focus

of this section. The findings are summarized as follows:

PROPOSITION 4 (Information Provision).

(i) When the valuation heterogeneity is high, the firm has no incentive to improve the signal
quality;

(ii) When the valuation heterogeneity is low, the firm has incentive to weaken the signal;

(iii) When the valuation heterogeneity is moderate, the firm may have an incentive to strengthen

the signal when it is high, and weaken the signal when it is low.

To illustrate the findings, we conduct a numerical study under a similar set of parameters as in
Figure 2. The firm’s optimal profit as a function of the signal strength p is plotted in Figure 3.

When the valuation heterogeneity is high as in the top left graph (0 /6,=0), the firm can solely
rely upon refund to extract all surplus from the high-type customers. Therefore, improving signal
adds little value to the firm.

When valuation heterogeneity is low, e.g., when 07 /605 = 0.8, as Theorem 1 (iv) suggests, the
firm inclines to use quality customization than information provision. Therefore, the firm does not
gain much from information provision. In fact, the firm may wish to weaken the signal to make
the customers less informed ex ante.

When the valuation heterogeneity is moderate, the benefit of ex ante information provision can
go both ways. On one hand, strengthening the signal may reduce the firm’s profit, particularly
when the signal is weak to begin with, e.g., when p < 0.7, 0, /0,=0.48 and oo =0.7. Accordingly to
the discussion under Theorem 1, this is when quality customization dominates refund. Following
the same line of reasoning as the above case, information provision is not rewarding to the firm.

On the other hand, signal improvement can benefit the firm when it is already high, e.g., when
0r,/0g =0.48 or 0.2 and a < 0.5. This is the case where firms put more weight on ex post infor-
mation provision than ez ante quality customization. Therefore, the firm may benefit from signal

improvement as a form of information provision.
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Figure 3 The optimal expected profit as the customer valuation, composition and signal quality vary.

Table 6 Firm’s Information Provision Strategy

High Valuation Moderate Valuation Low Valuation
Heterogeneity Heterogeneity Heterogeneity
ez ante No action Strengthen strong signal;

Weaken ambiguous signal Weaken all signals

ex post Full refunds Customized refunds No refund

We summarize the managerial implications of the above findings in Table 6. When the valuation
heterogeneity is high, the firm can solely rely on ez post information provision devices such as
customer refunds. When the valuation heterogeneity is low, the firm may abandon ex post infor-
mation provision and proactively engage in activities that weaken customers’ signals ez ante, e.g.,
providing complicated catalogues or overwhelming advertisements, adding to the difficulty for cus-
tomers to evaluate their valuations. When the valuation heterogeneity is moderate, the firm may
adopt both ex post and ex ante information provision devices. Specifically, the firm may wish to

magnify the current signal — that is, strengthen the signal if it is already strong, e.g., via customer
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consultation or product review, or weaken the signal if it is noisy. We should point out that the
above analysis did not consider the cost of information provision. In practice, the firm may need
to do a benefit/cost analysis to determine whether any ez ante information provision activity is

worthwhile to pursue.

6. Extensions

In this section, we verify the robustness of the results by exploring two extensions. §6.1 studies
whether the insights will hold when returned products incur some cost. §6.2 considers the possibility

of service upgrades.

6.1 Partially Recoverable Cost

In our analysis so far, we assume that a returned product or service cancellation would not incur
any quality-related cost. This assumption is reasonable as long as no cost is incurred until service
delivery. However, it is still valuable to examine whether similar results hold in a more general
setting. In this section, we verify the robustness of our results by considering the scenario where
only part of the quality-related cost is recoverable for a returned product.

Assume that in the event of a return, a unit of product at quality level g will cost the firm \g?/2,
where A € [0, 1]. Our analysis so far corresponds to the special case A = 0. In other words, \ reflects
the portion of the product cost that is unrecoverable upon service cancellation. The introduction
of A has little impact on the (IC) and (IR) constraints, but calls for revising objective functions
for market outcomes involving customer returns, i.e., RR, RN and NR.

For example, the optimal design under market outcome RR is given by

2
apq4p
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2 2
agq N} _ _
G2 G _ ag)\;> + Pa (pB — apfpPB —
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Following a similar analysis as in §4, we derive the optimal design in the following theorem.

THEOREM 2 (Optimal Product Line Design under Partially Recoverable Product Cost).

Under partially recoverable product cost where 0 <\ <1,
(i) ingL; < min {(;S(O‘G,a(;, 1), p(——=E—, v, 1)}, the market outcome is RR, and the firm

'\/OLGJ’-)\&G 1/0(B+)\&B

may offer fully refundable products at close quality levels (qq = aGﬁ&G Ou, qp = aB(fi&B Oy,
/BG = /BB = 1)7
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(i1) zfgb(i\/m,ag, )<t < (b(\/m,ao, 1), the market outcome is NR, and the firm should

offer moderate quality product to good-signal customers (qq = 0c) without any refund (g =0),

and high quality product to bad-signal customers (qp = —=E—0p ) with full refund (B =1);

ap+t+iap
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(ii1) ifgb(\/ﬁ,ao, 1)< Z—FLI < d)(\/ﬁ,ag, 1), the market outcome is RN, and the firm should

offer high quality product to good-signal customers (qg = ac(-l‘r+&c9H ) with partial refund (0 <

Be < 1) and inferior quality product to bad-signal customers (qg = 0y) without any refund (Bp =

0);
. 0 a aB )
(i) if g = max {qb(%/m,ag, 1), o( — o, 1)}, the market outcome is NN, and the firm

should offer moderate quality product to good-signal customers (qo = 60g) and inferior quality

product to bad-signal customers (qg = 0y) without any refund (Be = Fp=0).

Theorem 2 shows that the structure of the results does not change when part or all of the product
cost is unrecoverable. At A = 0.2, Figure 5 demonstrates strong similarity to Figure 2 where A = 0.
It also shows that as the valuation heterogeneity increases (01 /6y decreases), the firm relies more
upon refund than quality customization to maximize its profit. Specifically, the quality difference
between the two products shrinks when the valuation heterogeneity is high. The variety reduction
effect identified in Corollary 1 continues to hold if we define variety as the span, rather than the

number, of quality levels.
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Figure 4 Optimal market outcome with partially recoverable product cost (A =0.2)

The effect of signal strength is also similar to what was identified in Theorem 1. Although
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doing the same analytical characterization on signal quality p is challenging for general A, Figure
5 confirms that NR dominates when the signal is weak (small p), and RN dominates when the

signal is strong (large p).
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Figure 5 Optimal market outcome with partially recoverable product cost (A =0.2) under moderate aggregate

uncertainty.

Corollary 4 below provides additional insights on how the cost of refunds may affect the optimal

product line design:

COROLLARY 4. The firm tends to offer more quality customization and less generous refunds as

the unrecoverable portion of the product cost, A, increases.

Corollary 4 identifies the non-recoverable cost as a factor that affects the trade off between ex
ante (quality customization) and ez post (customer refunds) customer discrimination. As a result,
a firm should carefully examine the nature of its customer base as well as its cost structure, when
deciding on his quality and refund terms. That is, in service domains where cancellation yields
little quality-related sunk cost, a firm should focus more on refund design and less on quality
customization; for industries where returns may cause substantial, irreversible quality-related cost,
e.g., tailored service, make-to-order products, the firm should offer more differentiated quality levels

and be less generous on refund terms.

6.2 Service Upgrade

Refund policy gives low-type customers the recourse to withdraw from current service after learning
about their true valuation. A natural question to ask is whether similar recourse should be extended
to high-type customers as well, and to what extent it may impact the refund policy design.

In this subsection, we explore the possibility that customers may upgrade the service after

discovering their true valuations. That is, a customer can switch to an alternate product ez post,
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and pay the difference in prices plus certain upgrade fee (f), if the quality of the alternate product
is higher. Intuitively, the scope of upgrade should be limited to high-type customers only; otherwise,
all customers will upgrade ex post and no one would rationally purchase the low quality product
to begin with, making the problem trivial to study.

The expected surplus for customers receiving signal s and purchasing product 7 is

e { o, (01q; — pi) + &, max{0,q; — pi, —Bipi}, when ¢; > g; @)
" asmax{0xq; —p; — f,0mq; — p;} + &smax{6rq; — p;, —B;p;}, when ¢; <g;
where {s,i,7} € {G,B} and i # j. Depending on which product has higher quality, the upgrade
decision will apply one way or the other; when qg > ¢g, high-type customers who have purchased
product “B” will upgrade to product “G” and those who have purchased product “G” can only
stay with the same product, and vice versa.

Similar to the discussion in §3.2, there are still four market outcomes with regard to product
returns. Together with possible upgrades, there are eight scenarios to consider. We use super-
script “U” to denote upgrading outcome. For example, RNV means that bad-signal customers who
purchased a non-refundable product will upgrade.

We summarize our findings as follows:

THEOREM 3. There exists a ¢V >0, such that
(i) when g—fl < ¢V, RNV is the optimal design, where qo =0py,qp =0, Ba < 1,85 =0;

(i) when %1 > ¢V, NN is the optimal design, where qz =0,,0n > qp > 05, e =P =0.
Furthermore, in both cases, the upgrade fee f can take any value within the range [0,aq(0g —
0r)lac — qgl], and the price p; as well as the refund rate B; of the higher quality product linearly

decrease in f.

Theorem 3 suggests that when valuation heterogeneity is high (gTL{ < ¢Y), the firm should offer
a single, high quality, refundable product to good-signal customers. The upgrade fee f can take
any value within a range as long as the price pg and the refund rate g are adjusted accordingly;
the higher f is, the lower pg and (g are. Specifically, if the firm makes upgrade free (f = 0),
product G becomes fully refundable (S5 = 1) and the firm charges the maximum willingness to pay
0% for product G. Bad-signal customers are always awarded a zero-quality product at zero price.
Effectively, this allows bad-signal customers to buy ez post should their valuations turn out to be
high. ? This essentially yields the same revenue and market outcome as in RR without service

upgrade option. Thus the variety reduction effect characterized in Corollary 1 sustains even in the

21n fact, all customers are indifferent between the two products — regardless of their signal, one may either purchase
product “G” up front, or buy nothing (product “B”) and upgrade to “G” later.
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presence of service upgrade. This also conforms to airline practice for business-class tickets, where
the refund policy and purchase timing are quite flexible and service quality is consistently high.

When valuation heterogeneity is relatively low (3—2 > ¢Y), no refund is allowed; a low-quality
product is offered to good-signal customers and a good-quality product is offered to bad-signal
customers, and the former will upgrade to the good-quality product if their valuations turn out to
be high. 3 The market outcome is the same as in NN without service upgrade option. However,
the customers are getting a reversed signal-based quality assignment, in that good-signal customers
will obtain a lower quality product than bad-signal customers due to the availability of service
upgrade. This allows the firm to extract all surplus from customers regardless of their signal types,
which cannot be obtained without service upgrade (e.g., good-signal customers receive positive
surplus under NN according to Lemma 2). This is consistent with the practice of some service
providers, such as theme parks and concerts, who are more likely to allow service upgrades than
refunds.

In general, service upgrade suppresses refund customization, and only market outcomes resem-
bling RR and NN without service upgrade may appear. Therefore, it is still beneficial for the firm

to adopt refunds under some conditions.

7. Concluding Remarks

In this paper, we investigate the optimal product line design with endogenous consumer refund
policies. In our model, returns occur due to customer valuation uncertainty, reflected by the het-
erogeneity in their true valuations revealed ex post, and imperfect signal that determines their
perceived valuations ex ante. We study how the valuation uncertainty may affect the quality and
refund options available to customers. In general, higher quality and more liberal refund terms are
offered with higher valuation heterogeneity. Specifically, when the valuation heterogeneity is high,
the firm can safely rely upon a single-quality design with full refunds, whereas when the valuation
heterogeneity is low, a dual-quality design with no refund. When the valuation heterogeneity is
moderate, the firm should customize both quality and refunds, and it is the signal quality that
determines which customer segment will get the refunds. We also study the effect of either quality
or refund standardization, and whether the firm may have incentive to reduce valuation uncertainty
via ex ante information provision. Our main results are summarized in Table 7. The findings are
consistent with many observations in practice, and offer some general guidelines for managers to

create the best service offerings for their target market.

3In this instance, good-signal customers are indifferent between the two products while bad-signal customers strictly
prefer product “B.”
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Table 7 Implications of the Optimal Product Line Design

Characteristics Optimal Product Line Allow Information
of Valuation (G for good-signal customers and Standard- Provision
Uncertainty B for bad-signal customers) Quality Refund| Strategy
High valuation G: high quality, partial /full refund )
heterogeneity B: high quality, full refund Yes Yes No Action
Moderate. valuation G: good quality, no refund Weaken
heterogeneity B: high quality, full refund No No Signal
Low signal quality FHeh g ¥ &
Moderate. valuation G: high quality, partial refund Strengthen
heterogeneity B: low quality, no refund No Yes Signal
High signal quality ' 4 Vs &
Low valuation G: good quality, no refund No Yes Weaken
heterogeneity B: low quality, no refund Signal

There are several meaningful dimensions in which the paper can be extended. First, we focused
on quality-related cost and have ignored other related costs. It would be valuable to examine the
impact of the fixed salvage value and transaction costs (e.g., Economides 1999) on the optimal
product line and refund policies.

Second, given the perishability of service capacity, it is promising to consider the problem under
a multi-period capacitated setting and study the extent to which the perishability and capacity
availability may affect the optimal product line. Although the capacity issue has not been the
central focus for most marketing papers, its relevance has been shown to be critical in some recent
literature (Xie and Gerstner 2007, Liu and Xiao 2008, Guo 2009).

Third, there are different ways to specify valuation uncertainty and how this uncertainty resolves
over time. For example, valuation uncertainty for an air ticket can be caused by whether the trip
will be made or preferences for different departure times, resulting in quite different valuation
heterogeneity ex post. It would be interesting to investigate the implications of such differences in
the future.

Finally, while our results are derived under a monopolistic setting, it would also be interesting
to investigate them in a competitive environment. The effect of competition has been studied in
several recent papers (e.g., Guo 2009, Shulman et al. 2011). However, to our knowledge, competitive
product line design with consumer refunds has not been considered so far. This is another fruitful

avenue for future research.
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We use the following lemmas throughout our proofs. The lemmas can be shown after some algebra.

We state them without proof.

LEMMA Al. Let 0<a; <ap <1 and 0< A <1. The following statements hold:

(i) Eoy 0 > (<) is equivalent to
Ea, 0]

0
97[‘ > (S)Qf)()‘aalaoﬂ) =
H
(i1) p(\, a1, qq) decreases with oy, and increases with ay and .

(i1i) ¢(\/ag,aq,1) = 1;/\’7271 increases with oy .

; o — Vo1 (Ve —var)
(iv) ¢(y/ ok a1, 02) = Ry Py Py —— < p(y/ag,aq,1) for 0 <oy <as<1.

)\OZQ — (X1
ap — Aag’

LEMMA A2. For p>(3,1], we have

IN
IN

ag, (Al)
as. (A2)

ap (6]

IN
IN

ag <«

Appendix A: Proof of Results in the Main Text

Proof of Lemma 1

Since a customer will return the product if and only if the potential refund exceeds the product
valuation, the expected utility for customer receiving signal s and purchasing product ¢ is u, =
asmax{Oyq; — p;, —Bip:} + asmax{0,q; — p;, —Bip;}. If product i is to be returned by a high-type
customer, then it will be returned by both types of customers due to ,q; —p; < 0 q; —p; < —PBip;. It
will yield u,; = —fB;p; <0 thus violating the (IR) constraint. Therefore, for both products, only the
low-type customers may exercise the refund, i.e., max{6y¢q; — p;, —Bip; } = Ouq; — p; for i € {G, B}.
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Proof of Lemma 2

i) First take note that 0¢qe — pe > 0cqs — s > 0 — P > (09 — pe) ™. Since the objective
q b q p q p q p J

function is strictly increasing in pg, at optimality, we must have
Oaac” —pe™ =0aa” — 5", (A3)

which suggests that p3 —pE~N =0 (¢5" —¢5"). Furthermore, the constraint 0pqp —pp > 0pqc —

pe suggests that pd~ —pAN > 05(¢dN — gX™). Since 05 > 0, at optimality p¥™ > p&Y and ¢§V >

gy . Thus, we can simultaneously increase pg and pp to maintain (A3). It follows that at optimality
O5qs —pp" =0. (A4)
The objective function of the optimization problem can be rewritten as

max pc(0cqe —Ocqs + 9545 — 46/2) + pc(0a5 — 45/2).

4G.982>0

The optimal quality levels are then

Og—0
a5 =bo, a5 =max{fe - =——=,0} =b. (A5)
The respective optimal prices are given by
Oq —0p)0
PN = Ona = a0s— =000 g,
G
NN NN g iy Zgog, + 008" o g0y 4o
e =pg +0c(qg qp" ) =0c0p+ e =0c(0c —00) + 0005.

(ii) The market is fully covered by two distinct products if and only if 6y = apfy + agfy, > 0. The

oL 20 |

condition is equivalent to 7 I
H —&Q

Proof of Theorem 1
We first establish the ¢* and ¢* by characterizing the conditions under which each market outcome
is optimal, and then proof the existence of p € [0.5,1].

To begin with, consider the optimal design under each market outcome:

e RR. When both the good- and bad-signal customers exercise the refund, the problem for the
firm can be formulated as follows:

max ™ = pg(pe — acBare — acqs/2) + pa(ps — asBeps — apqy/2)

rGsPB:BG,BB
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uge = 0 (IRq)
(75232 Z 0 (IRB)
uce > ugp ([Cgq)
ot upp > upe (ICg)
o Bape > 0Lge (RRe)
Bepe > 0.qgs (RRp)

Ba <1

BB <1

where Ugq = —pe + acBepe + acluqe, Ups = —pp + apBeps + apluqs, Usp = Uce + (1 —
agBe)pe — (1 — agBp)ps — aclu(qc — qs), and Upg = Ugp — (1 — apfc)pc + (1 — apfp)ps +

apbu(ge — qp). The (IC) constraints essentially require that
l—apfe  1—apPp

1—acBa 1—agBs
PG — P <0u(qc —qB) < e PB-
g g ap ap

By (A1), the above implies that pg < pg. In addition, as high-type customers are always better off
than low-type customers under the same product, i.e., Ugp > Ugp and Ugqg > Upg, there should
be Ugg > Ugp > Upp > Upg.

Without affecting the optimal solution, the objective function can be re-written as
min, ., .. s PcUcc + pcUpp. Hence the optimal solution should be binding at (IRg) and (ICg).
The problem can be simplified to:

max 11" = pg(pe — acBepc — acqe/2) + pa(ps — apBps — apqy/2)

ra,rB.Ba.BB

pe —apBepr = aplugp (IRg)
pe —ocBepe = acluqe —acOuqs + pp—acBeps (ICq)
ot Bapa > Orqc (RRq)
o Bepr > OrgB (RRp)
Ba <1
BB <1

In maximizing the objective function, we need to maximize the RHS of (ICg), which equals to
acluqe —acluqs + apluqs + (e —ap)Beps. By (IRp), there should be 85 =1 and pj; =0 qp.

Overall,

* * 1 ac 9uqa
pGE[aG71]gHQG7 /BG:?_T
ag  Og Pa

, Pp="0uqs, Pp=1 (A6)

The expected profit is: IT* = pg(agOrqe — acq’/2) + pa(apdrqs — apqs /2). Therefore, the optimal

quality is
1 agbyg gBR
GER=0n, qEF=0n, pEREoc 1103, pER=03, pER=_— - CMAC - ghr_y
(07 ag Pg
QgeQ _ 043(92
7R = o, H H

g TPy
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e NR. When only the bad-signal customer will exercise the refund, we can let S5 =0 without

loss of generality and the problem can be formulated by:

max V" = pa(pe — q&/2) + pe(ps — aBeps — aqh/2)

PG.PB-PB
ucg > 0 (IRq)
UpRp 2 0 (IRB)
St uce > uge ([Cg)
upp > upe (ICg)
Beps > Orqs (NRp)
BB <1

where Ugg = —pe +0cqa, Ussp = —pp + apBeps +asluqs, Uss = —pp + @cBeps + acluqs, and
Usc = —pg +05qq. Followed by a similar analysis as in RR, Ugg > Ugg > Ugg > Upg. Thus, both
(IRp) and (IC¢) will be binding. The problem can be simplified to

max [I"" = pc(pe — ¢2./2) + pe(ps — aBBeps — apqh/2)

PG.PB.BB
pe—apBeps = apluqs (IRg)
ot el = Ocqc+ps —acluqs —acPeps (ICq)
o Beps > 0.qs (NRp)
BB <1

The optimum can be obtained as follows:

pZ‘:eGan 65207 p*BzquBa 52;:1 (A7)

and the expected profit is II* = pa(0cqe — ¢4 /2) + pa(asbrqs — apqy/2). Therefore, the optimal

quality is
=00, a§T=0u, pYT=0% PNt =0 BIT=0, BT =1,
92 _ 06302
HNR:Pc:?GﬂLPG 2H-

e RIN. When the refund only goes to good-signal customers, we can let S =0 without loss of

generality and the following problem needs to be solved:

max 11"V = pg(pe — acBape — acqe/2) + pe(ps — q5/2)

PG-PB-BG
uca Z 0 (IRg)
uUpp Z O (IRB)
ot uge > uegs (ICq)
o upp > upe (ICp)
Bepe > Orqc (RNg)
Ba <1
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where Ugq = —pe + acuqe + acBepa, Ups = —pp + 0898, Uss = —ps +0cqs, and Upg = —pc +
apluqe + apfepe. Followed by a similar argument as other scenarios, Use > Ugp > Ugp > Upg,

both (IRp) and (ICg) are binding:

max 1™ = pg(pe — acBepe — acqs/2+ pa(ps — q5/2)

PG PB,BG
DB = Opqp (IRB)
ot Pa = acluqgc + acBepc+re —bcas (ICq)
Bepe = Orqc (RNg)
Ba <1

It can be verified that the optimal menu would be of the following form:

1 agluge —(0c —05)gs
ag agpe

P5 € 0cqc — (06 —08)qB, 0808 + 0u(4c —qB)], BE =
pp="0pqs, B =0.

The optimal expected profit is then IT* = pglagOrqe — (¢ — 08)qs — acqi /2] + pa(0sqs — q%/2).
Thus,

qu = 0H7 qu = ‘90a pgN € 9093 + [9@,0[{} (9H - 90)3 PgN = 909]3’

ry 1 gt — (0 —05)b RN _

G _%_ degN ) B —Y%
agh? 0?2
HRN:,OG G2H+pG50'

where 0y = max{aofy + (1 — ap)0,0} and oy = (”;7;”“ <ap<ag.
e NN. When no customer will exercise the refund, analysis can be retrieved to Lemma 2 and
the optimal profit is
v _ o 080
" = ey + P -

Comparing the optimal profits across four kinds of products as follows, yields the optimal product

design:
0> agh?
TER — agly  _ apUyg
Pa B) PG 5
92 01392
HNR — G — H
Pa + pc 5
62 62
RN — agby | _ Uy
Pa—, +PG2
62 6?2
vy -, Y% o %
Pa +pPa 5

By Lemma A1l and noting that ¢(,/az, g, 1) = ¥Y2B=2C > =90 it can be summarized that:

l-ag — l—og

NN is optimal product if gTL; > max{qﬁ(,/ag,ag, 1), 0(\/ag, oo, 1)}
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NR is optimal if ¢(\/ag, ag,1) < i o(/ag, ap, 1).
RN is optimal if ¢(,/ap, a0,1) < 5 ‘QL < ¢(y/ag,ag,1).
RR is optimal 1f < mm{d) ,/a(;,a(;, 1), ¢(/ag, o, 1)}

Therefore d) —mlﬂ{¢ O[G',Oég, )7 (\/@7050) }anqu —max{¢ aGuaG’a )7¢(\/@)a051)}‘

We next show that there exists a p € [0.5, 1] such that ¢(y/ag,a, 1) < ¢(/ag,ag, 1) when p<p

and d)(\/ CMB,Oé(),l) > ¢(\/ aGaan ) when p> ﬁ By deﬁnitiona ¢(\/ aGaanl) - ¢(\/aB7a071) =
VoGieg  VAB-%0 _ 1VOB _ 1oVYG  Therefore, ¢(\/ag,a0,1) < ¢(yv/ag, ag,1) is equivalent to

l-ag 1—ag 1—ag l-ag
\/O‘B —Vae 1
l-ag — 1l—-ag lJr‘/OzG ?

and after some algebra, the condition is reduced to

S(p,a) = —vapag —/ag +/ag +ag > 0. (A8)

e When « € [0,0.5], there are @ > o and pg > pg. At p=0.5, we have ap = ag = ap = o and
S5(0.5,a) = 0. We next prove that S is convex in p, i.e.,

0%S . _62\/06304(; 82\/ 82\/ 82040 >0 (A9)
op? ap? ap? op? 6p2 -

2 2 2
by showing that (a) 855“20 >0; (b) aé;g;@ — % > 0; and (c) 22¢%E G < 0.

As a preliminary, it can be verified that

Jdag aa Oap _aa Oag aa  2oa

= = z0 -0 A10
dp  pg’ Op pe’ Op Py Py (A10)
ag  20a(a—a) Pap  20a(a—a) Poy  2aa(@—a)  6bad(a—a)
dp? pg 1 Op? pg 0 Op? Iz I
(a) apparently holds by the derivatives above.
2 2
To prove (b), it can be obtained that 8%2“7" - 83\235 = p3/2a11/2p5/2 2(a — a)p — a] —
G
W[Q(& — a)p — a]. Note that 2(a — a)p — & < 0. When 2(a — a)p — & > 0, apparently
“ ¢ 2 2
there is % - aa@ > 0. Otherwise, suppose 2(& — a)p — @ < 0. Consider a function T'(y) =

T (y) _ 3a—6(a—a)y
oy y5/2(ya+(1—-y)a)

[2(a — o)y — a]. After some algebra, we have 573 >0 for y €

1
y3/2(yav+(1 y)a)5/2

[0 |. Therefore, T'(y) increases on the interval satisfying 2(a — o)y — @ < 0, which includes

’2(oz @)
2
[p, p]. Hence there is also 8\;;7; - 68@ =a 2T (p)—T(p)] >0.
2
For (c), after some algebra, the second derivative of /agap can be reduced to LV;?“B =

2 2 - .
4(agaoé)3/2 [_(272 + /’G) + 4aBaG (;g + (;Tg)] Note that ga&a(%“g + %)p%p% = aaaa(aﬁéc +
~2
afgc) = 2= (pppg + ppG) Since pg < pg and £ > L there is pﬁpG + pppé" < pjg + pp"é" = 1. Thus
2
a—a[/ag | OB __ a—a(ppPe | PPG a—a o°/agap 252 (oG | aB)\2
aa (,536 + SG)pG/OG_ a (PG + Py ) < a < 1. Therefore, op2 < 4(aBaG)3/2[ (ﬁé + sz) +
SB2C1 <0
elde]

Therefore, when « € [0,0.5], S(p, «) is convex for p on [0.5,1] with one root being p = 0.5. Denote
the other root as py. Then p =min{max{0.5,po},1}.
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e When «a € [0.5,1], there are @ < a and pg < pg. We can prove that S <0 for any p € [0.5,1]

thus p=1. After some algebra, S(p,«) >0 becomes equivalent to

OZB—CVO
- 1—\/043

£ the above condition becomes pg > /ag +

VG —ag > (A11)

By noting that ap —ay = a_,gB and ag —ag = ap

pay/ac. However, since pe = pa+ pa < &= —|— pa = ap + peac < \Jag + pay/ag, (All) does not
hold. Therefore S <0 whenever o > 0.5 and p=1.

Proof of Corollary 1

By Lemma 2 (ii) and Theorem 1 (i), the variety reduction effect is evident when ¢, <

¢". It is then sufficient to show that ¢y = _ao <Pt = mm{¢ ag,ag,l),qﬁ(‘/ag,ao,l)} =

1—
min{¥5¢—=6 Y2E201 Since ap < ap < ag < 1, there is 150 < VEE—20  Further, aao =23 _Za6 o
ag 1—ag el el
VG  _ Jeg—og
1+ag ~ l-ag

Therefore, ¢g = ao < ¢" and there is variety reduction When € [¢0, 7). [

0 and ap|pm05 =@ > 0> og|,=1 = —a. Hence \/ag > —ap; subsequently, — 0‘0 <

Proof of Proposition 1

Recall (A8), we first prove the following lemma which will be applied in the proof of the proposition.

LEMMA A3, 22 p’o‘)\pf 05>0 when 0 <a< i 5, and %”p’a)]pzof, <0 when é <a< %;
Proof. (i) asaza) o %eg/op _ o aaB/a” asﬁﬁp + aac/ap + 0ay/0p. By (A10), it becomes

Lg’;’a) —\/ o2 aa/pc + \/32 aa/pc + aa/pG + aa/pc + % - 2:"1 At p— 0.5, there is ag = ap =
G

ag=ca and pg = pp =0.5. Replacing respectlve terms, there is:

0S(p,a aa/pt  aa/pt  aa/p  aa/pi  aa  2a0 1
(0, ) 05 =— /rg + e + /e + /pc + = — —— =4daa(—= —3).
dp 2 2 NG 2y/a Pc  Pa va
Apparently, 6S(p < | p—0.5 18 positive when « < = and negative otherwise. [

(i) When 0 < v < é, by Lemma A3 there %@’M!pﬁo.g, > 0. Further, according to the latter half
of Proof of Theorem 1, S(0.5,a) =0 and S convex in p. Therefore, %’;’“) >0 for any p € [0.5,1]
hence p(a) =0.5.

(ii) When é <a< %, by Lemma A3 there 6S(p’ |p—0.5 < 0. Due to S(0.5,r) =0 and S convex in
p, for any fixed « there exists a py > 0.5 such that S(po, ) =0. Therefore, p(«) =min{pg, 1}.

(iii) Follows immediately from the last bullet in the Proof of Theorem 1. |
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Proof of Proposition 4

To begin with, we identify the optimal expected profit of the firm under each market outcome as

follows:
IRR — aby
2
2 0 0?
VR — PG G+pc()é3 H
2 2
62 po0?
RN — [Yele Zels7, +PG 0
2 2
02 pc0?
VN — PG G+pG 0
2 2

It can be observed that under market outcome RR, where all low-type customers will obtain the
refund, the signal quality does not affect the expected profit. In all other market outcomes, the
signal quality affects the firm’s profit. We first prove the following lemma which is critical for the

proof of the proposition:

LEMMA A4.
(i) 2= =0
(ii) 2L <0;
(iii) aap >0 when p—1 and L<a org zrﬁ%zz.
(iv) 8HN >0 when p—1 and % > ZTL{; and 8“ Y <0 when p— 1 and 40‘2%2;"1“ < ZTL{;

Proof. We first summarize some common terms that will be used throughout the proof: %)G =2a—1,
fag _aa  Odap _  aad  dag _ aa 206 _ _ ad(ltpg)

o =20 o = R o R B Also, when p — 0.5, there are pg — 0.5,
pa — 0.5, ag — a, ag — a and ag — . When p — 1, there are pg — a, pg > &, ag — 1, ag — 0
and ag — —a/a.

(i) The first order derivative with IT*# is apparent.
(i) For IV it can be verified that

~ (20 —1)(0% — apby) + —0c(0y — 0.,) — —07,.
5~ (20— 10— ant) + 22000, —0,) - 2203
Further, lim, o5 250" ~ —aaf} — 6263 < 0, lim, o5 20" ~ —afx0; < 0, and ZH5E ~
%ﬁéﬂgﬁ > 0. Therefore, 2 5 r < 0 regardless of the signal quality.
(iii) With the established terms at the beginning of the proof, there is Mg:V =[(2a — 1)ag +

%]H%j%l —2a)6? —2%90(9}1—&). When p — 1, there are pg — a, ag — 1, and ag — —a/@.
G

After some algebra, it can be verified that lim, ,; % ~(a+a?+a?)0% — (da+ 20200, + (1 +
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20202 = (afy —0)[(1+a+a?)0y — (1+2a2)0.]) + (1 — «)?00;, which is positive if 67, /0y <« or

2a+a2
0L/9H Z 1+2a2 .

(iv) With the established terms at the beginning of the proof, there is

8HNN a— 2 p2 . ad 9£_00(1+pg)

N 90><+(61j>< " >(pG . % >->< ) ad(l+pc)
B B oa—a)lag—ay)  ad a—a)(ag —a)  aa pc
= (0 —06r) [ec( 5 + T)G ) + 6o 5 7 )]

When p — 1, it can be verified that

. OINN a—a o 1 a—a ol+a)
,IJILI% 8p —(QH—QL) |:0H( 20 +&)+(—50H+59L)( 2a - a ):|
1—2Oé+2a2 (a@H—GL)(l—{—QaQ)
— (B4 —01) [HH — oo
(4a? —2a+1)0y — (20% +1)6,,
= (0 —01) 242

which is greater than 0 if any only if % > 01,/0y. Thus for small 01, /0y, TIVY increases in p

when it is close to 1; and for large 01, /0y, IIVY decreases in p when it is close to 1.
When p — 0.5, there is

8HNN
lim
p—0.5  Op

Therefore, ITVY decreases in p when it is close to 0.5. I

(i) When the aggregate uncertainty level is high, the market outcome is primarily RR.. According
to Lemma A4 (i), firm’s profit is insensitive to signal quality thus has little incentive to improve
the signal.

(ii))When the aggregate uncertainty level is low, the market outcome is dominated by NN.
According to Lemma A4 (iv), the firm benefits from weaker signals thus has the incentive to dilute
it.

(iii) When the aggregate uncertainty level is low and signal quality low, according to Theorem
1 the market outcome is likely to be NR. By Lemma A4 (ii) the firm benefits from low quality
signal thus may have incentive to dilute it. On the other hand, at moderate aggregate uncertainty
level when signal quality is high, the market outcome is likely to be RN. By Lemma A4 (iii) the

firm has the incentive to improve the signal if it is close to 1. [
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Proof of Theorem 2

To begin with, the same results hold for NN that

qu:9g,pg = (GG_00)+90937qB _907pgN:0003
92 6?
vy = 0.
=pc—+" 9 S+ pa 5

For other market outcomes, the analysis of the optimal pricing at given quality levels is the same
as in the proof of Theorem 1, summarized by:

For RR—

1 acOuqs
pgRE [OJGHH,9H}QG7 gRZf—f ) pRR 0rqs,
g Qg pPg

™7 = pe(acOnge — acqe)2 — acAe/2) + pa(apduqs — apqy/2 — apigy/2).

RR_l

Therefore, the optimal design is

RR &7 RR ap
=9 9, S R
e ag + )\O_AG a s ap+ AC_“B H
RR RR ap 2
1160 =——— 0
pa € lag, 1] Hq , Pp ap+rag o
RRZL_O‘GQHQG RR:1
¢ ag ag pitP ’
TIRE — e ag0% t e b3
2(04@4-/\66@) 2(0434‘)\@3)

For NR—

pgR:QGqu BZGVR:07 p quBv NR_l'

IV = pe(0caec — az/2) + pe(apbrgs — apqy /2 — apAgh/2)

Therefore, the optimal design is

ap

R NR
=0 [ —
G QB aB+)\dB H
NR 2 NR __ ap 2
pG G pB aB“‘)\dB H>
R0, 52’12_
92 a2,0?
HN — BYH
ey +pG2(aB+/\aB)

For RN—

1 aglyqe— (0c —05)q
pe~ €05ap +[0c,0n)(ac — an), BEN = — — = (R‘jv BB RN g o GEN — ),
Qg aaPg
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1" = pelacluge — (0 — 08)as — acqs/2 — acAae /2] + pa(0as — a3 /2)

Therefore, the optimal design is

8%

=90 RN:G,
e + Mg H; 4B 0

RN
fe

N€9093+[9G,9H]< 0H 90) pgNZHOQB,

oG+ )\OJG
o2
rv_ L ac+§&09%{7(6’€763)90 RN _
G ac degN ’ B )
aZ0? 62
I = po o —A—— + po
Q(Oég —|—>\Oéc;) 2

We can then compare the optimal profits under four kinds of products:

IRE — pos O‘éﬂ}%{i ¥ he a%927
2(aq + Aag) 2(ap + Aag)
2 2 92

Ve = % +PG(aZ}i@;&B)

= pa (aa%filag) iy

VN = ‘92%; -I—,Oc;922

__°oa __oB
By Lemma A1, NN is optimal product 1f > max {gf)( ersvmilelcl 1), o( o, 1)}
NR is optimal if gi)(\/oéiT ,ag, 1) S 2L \/W

~ ( 050,1).
RN is Optlma] if (Zs(m,ao, ) < 9H < QZS(\/W , g, ].)
aG apB
RR is optimal 1f < min {¢(m,ag, 1),¢(m,ao, 1)}

Proof of Corollary 4

Both decreases in A. According to Lemma A1 (ii), both ¢(ﬁ ag,1)

——C¢— and ——L2—

\/O‘GJ'_)‘OLG \/O‘BJ")‘O‘B

and gf)(ﬁ ,ap,1) decreases in A. Thus the two thresholds between no refund and some
«

and between some refund and full refund,

refund, min {gf)(\/aa% ag,1), d)(\/ﬁ,ao, 1)},

ag ap . .
max{¢(\/m,ag,l),qﬁ(\/m,ao, 1)}7 both decreases in A. Therefore as A increases, the

optimal market outcome tends to offer less generous refund but more quality differentiation.
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Table A1l Optimal Product Line under Partially Recoverable Quality Cost

Aggregate Uncertainty High: 01, /0 < ¢** Moderate: ¢** < 0L,/ < ¢** Low:0r /0 > ¢
Individual Uncertainty High:p<p Low: p>p
Quality (q5,q5%) (aGiE&G O, aBigaB On)| (bc, aBj»E&B Or) (aci(:\jac On,00) (0G,60)
a2 (Oc(=—==5=—0u —b6o) +
oo (s (Gorrag b~ 2 _op g2 COING o (0 (0c —bo) +
Price (pg,py) ag “CRG op 2) (eG’aB+AaBGH) 600BN6H((¥@+§@G0H_ 0005,0008)
agtrag "H' aptrag H 00) +6005,0005)
(L _
Refund Rate (8%, 8%) (L — 26 %G ) (0,1) oy O (0,0)
efu ate (8%, Bx oy Fymaeal ) a6 a0 —0p)00 )
&Gpa )
Market Outcome RR NR RN NN

oG

Wk s ag B AEF — B
Whereé 7Hlln{¢(m,ac,l),¢(\/m,ao,l)} andd) —Inax{qﬁ(\/m,ac,l),qb(\/m,ao,l)}.

Proof of Theorem 3

First consider when only product B is upgradable, which entails g5 > ¢p and 0yqc — pe — f >

0 g — pp. In this scenario, optimal design under each refund outcome can be analyzed as follows:
e RRY. When all low type customers will claim the refund ez post, there are Uge = ag(0pqc —

pe) — acPapa, Uss = ap(@nqe — pe — f) — asBeps, Uss = ac(0uqe — pe — f) — @aBpps, and

Use = ap(0uqe — pe) — apPepe. The problem is essentially:

max %" = po(aepe + acBapa) + pa(aspe +asf +asBrps) — gz /2.

ra.pB.fBc:BB

ugag Z 0 (IRG)

UpRp 2 0 (IRB)

uga > Ugs (ICq)

UBRB > Uspca (ICg)
st Bapa > 0Lqc (RR¢)

Bepe > 0rqs (RRg)

Ba <1

BB <1

qc > g (SU)

Onge—pc—f > Ougs—ps (SU)

The IC constraints entail that Ugg > Ugp > Upp > Upe. It can be verified that to maximize I177

there should be Ugp =0 and Ugg = Ugp. The problem then becomes

max AR = pcl(acpe +agf+ @GBBPB) + pabyqe — OU]?;/Q-

ra.rB.f.Ba.BB
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ap(pe+f)+apPpps = apbuqe  (IRp)
agf+acBeps = agfepe  [Cg)
Bapa > Orqc (RRg)
ot BePB > 0Lqs (RRg)
o Ba <1
BB <1
dc > QB (SU)
Orqe —pa — f > Ouqs —pp (SU)

The maximum is achieved at Sz = 1,q5 € [0,0n),p5 € (Onq5,0%); 9c = O0u,pc = 0% — f,Bc =

_ agf
1 GonG Subsequently,

2
T Nt

5

e RNY. When only customers purchasing product “G” will claim the refund, there are Ugg =

ac(Owqe —pa) — acBepe, Ups = ap(0ngc —pe — f) +as(01a8 —pe), Uss = ac(Owqe —pe — f) +

ac(0pqs — ps), and Uge = ap(0nqe — pe) — asBapa. The problem is to

max I = pe(aape + acBape) + palappe + agf +apps) — gz /2 — pagy /2.

paPB.f.Bc BB

Uca

UBB

Uga

UBB

Bapa

Ba

qc

Onqc —pc— f

s.t.

IV IVIAIVIVIVIVIV

0
0
Uas
Usca
e
1

4B

(IRg)

Onqs — DB (SU>

Similarly, (IRp) and (ICg) should be binding and there is Ugg = Ugp > Ugp =0 > Upg. The

problem then becomes

max 1"V = pe(aepe + acBepc) + pabuqe + palLqs — aqg /2 — pagh /2.

rG:PB.f.Ba.BB

ag(pe+ f) + asps

aqf+aeps
Bapa
s.t.
Ba
qc
Ouqe —pc —f

The maximum is achieved when the second (SU)

Onac—Ou—9r)ap—f/a ~
%HG‘ZG_I‘;B(QLH_%L)‘IBG and f SaG(GH _GL)(QG _qB)‘

f=0uqc —ap(@u —0.)q5, Pz =095, Bc =

Subsequently, o = 0y, gz = 0, = max{—22—£GE

apluqe+aslqgs (IRp)
aa(Bepc +0rgs) (I1Cq)

> 0rqc (RR¢)
<1

> (B (SU)
> Ouqs —pB (SU)

is binding. Together with (IRp), we have pg +

pa

62
ANy = a g+ pacy

HH + P_ZG&OCB 0L,O} and

07
2
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e NR". When only customers purchasing product “B” will claim the refund, there are Ugg =
ac(0rqe —pe) +ac(0L4e —pa), Uss = as(0uge —pe — f) — asBeps, Uss = ac(0rqe —pe — f) —
aaBeps, and Upg = ap(0uqe — pa) + as(0Lqe — pe). The problem is then

max IR = pape + po(aspe + apf +agBeps) — (a+ap)gs/2.

rapB.fBc.BB

(retel > 0 (IRg)
UBB 2 0 (IRB)
uaa > Ugs (ICe)
ot Upp > Uspc (ICB)
o BePB > 0Lqp (RRg)
Bp <1
qdc > 4B (SU)
0ngc —pc—f > Ougs—ps (SU)

Similarly, (IRg) and (ICg) should be binding and there is Ugg = Ugp > Upp =0 > Upg. The

problem becomes

max IV = pepe + pabuqe — (a+ ap)qe/2.

ra.pB.fBc.BB

appe +apf+apfeps = apbuqe (IRp)
jZ€ = 0rqc+Bep+acf/ac (ICg)
ot Brps > 0Orqp (RRp)
BB <1
e > 4B (SU)
Onqc —pa —f > Ouqp —pB (SU)
The maximum is achieved when pg = (@c¢=eplntacip g ¢ On=98)dG, . 3. =1 py>0qs. The

ap ap

profit function then becomes IINF = (afy + pafr)qe — (o + @p)q% /2. Subsequently, gz = 0, =

%,q,g € [0,g¢) and the profit is
02
Ve = (a+ozﬁ)§2.

e NNY. When no customer will claim the refund, it is suffice to consider B¢ = 85 = 0.

max 1IN = pope + pe(aspe +apf + agpp) — (a+ pa)qz /2 — paqy /2.

pc.rB.f.Bc.BB

uGa > 0 (IRq)
(13:3: > 0 (IRg)
ot Uga > Ugs (IC¢)
’ Upp > Upa (ICp)
le] > qB (SU)
Ongc —pe—f > Ougs—ps (SU)

There are Uce = ag(0nqc — pa) + ac(0rge — pa);, Ups = ap(0uge — pe — f) + ap(0rgs — ps),
Usp = ag(0ngc — pc — f) + ac(0rgs — pp), Use = ap(0uqc — pe) + ap(frgec — pe). Similarly,
(IRp) and (ICg) should be binding. The problem then becomes

max 1IN = pape + pabuqe — (a+ pa)gs/2 — paqy /2.

pGsPB-f
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agpc +apf+apps

s.t.
da

ac(pec —pB) —aaf

Onac —pe — f

The maximum is achieved at pp =

01)(gc — gz). The objective function then becomes

ap)ly + aclr)gs —
profit is

U
HNN

VIVl

HNN

£2q%. Then, the optimal quality levels are gg = 6,

02
=(a+ap)-.

apluqa (IRp)
aglr(ge —qs) (ICq)
qdB (S )
Ouqs — B (S )

apbuqs, pc =0cqc — [(ac —ap)0y +acbi)gs and f =ag(0y —

(aby + pabyr)qe — aﬂ)a — pcl(ac —
= %,qg =0 and the

Then consider when product G is upgradable, which entails g > qg and Oxyqp — pp — f >

Ouqc — pe-

e RYR. When all low-type customers return and all high-type customers ultimately go for

product “B”:
max 1" = po(agps + acf + acBepc) + pa(asps + apBeps) — g /2.
pG.rB.f.Bc.BB

uga Z 0 (IRg)
uUpp Z O (IRB)
Uca > Ugs (ICq)
Uupp > Uga (ICp)

ot Bapa > Orqa (RR¢)
BepB > 0Orgp (RRp)
Be <1
Bp <1
qB > qc (US)
Onap—pe—f > Ougec—pe (US)

where Uge = aq(0uqs — ps — f) — @cBepa, Uss = as(0uwqs — ps) — asBsps, Uas = ac(0uqs —
PB)

The problem then becomes

— aeBrpp, and Upg = ap(0uqs — ps — f) — apBape. Similarly, Use = Ugp > Ugp = 0> Uge.

max 1" = pg(agps +acf + acbepc) + paduqs — aqy /2.
rG:PB.f.Bc.BB _
appp + @Bﬁ_BPB = CMBQ_HQB (IRg)
—aqf+acBepe = agBepe  (ICg)
Bapa > Orqa (RR¢)
ot BepB > 0rqs (RRp)
o Ba <1
BB <1
qB > qq (US)
Ouqs —ps— f > Ouqe —pe (US)

The maximum is achieved at Bg =1,q5 =0y,pp = 0%, f =0; qc = pc =

0%

0, whereas

nRYR —
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e RUN. When only customers purchasing product “G” will claim the refund, there are Ugq =
ac(0uqs — ps — f) — acBepe, Usp = ap(0nqs — ps) + aps(00qs — ), Ucs = ac(0uqs — ps) +
ag(0rLqs —pi), and Ugg = ap(Ougs —pp — f) — agBape-

max N = pcl(acps +agf+ dGBGpG) + peps — (a0 + ,054)(112_:;/2-

ra.pB.fBc.BB

uga > 0 (IRg)
UBRp > 0 (IRgp)
uga > Ugs (ICq)
ot upp > Upa (ICp)
o Bapa > Orqc (RR¢)
Ba <1
4B > qa (US)
Ougs —ve—f > Onac—pe (US)

Similarly, (IRg) and (ICg) should be binding and there is Ugg = Ugp > Ugp =0 > Upg. The

problem then becomes

max Y = pa(aeps + acf +acBepe) + palsas — (a+ pd) gy /2
pa.pB.f.Bc BB

Pa B = 0Upqn (IRp)
acf+acBere = ac(@s—0L)qs (1Cq)

St Bapa > 0rqc (RR¢)
Ba <1
4B > qc (US)
Ouqs —ps—f > Ouge—pa (USs)

The maximum is achieved at qg = 03 = aiﬁaﬂH +(1- Offia)HL,pB =0504, qc =pc =0, f =ac(0p—
0L)94/aG and
U 02
e N = (oz—i—péz)?g.
e NUYR. When only customers purchasing product “B” will claim the refund, there are Ugg =
ac(0ugs —ps — f) + ac(0Lgc — pe), Uss = ap(0uqs — ps) — asBeps, Ucs = ac(0uqs — ps) —
acBeps, and Upg = ap(0nqs —ps — f) + as(0rac — pa)-

max  IIV* = pg(agps + acf + depe) + pe(apps + asBeps) — apag/2 — aqh /2.

rapB.fBc.BB

uga >0 (IR¢)
UBRB > 0 (IRp)
uga > Ugs (ICq)
ot upp > Ugg (ICp)
o BepB > OrgB (RRp)
Bp <1
4B > qa (US)
Ougs —ve—f > Ouac—pe (US)

Similarly, (IRp) and (ICg) should be binding and there is Ugg = Ugp > Ugp =0 > Upg. The

problem becomes

max  IIVF = po(agps + acf +aepa) + pabuqs — apge/2 — aqy /2.

ra.PB.fBc,BB
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appp+apBpps = apluqp B (IRp)
agpa +agf = aglrqe +aefsps (ICq)
Gt Beps > 0Orqs (RRp)
BB <1
4B 2 qa (US)
Ouqp —pp—f = Ouqgc—pc (US)
The maximum is achieved when ¢g = 64 = max{—ay,0n + (1 + ay,)01,0}, where ay, = *¢—=EL2,

ap pa
a
9H 2 5 (0G—0L)04

48 =0, pa =0cb4,pp = 0% — (QG—QL)94,f 0,8p = (60163

and the profit is

6% 62
NUR_ Y Ui
[1 « 5 +pa2

e NUN. When no customer will claim the refund, it is suffice to consider S =85 =0

max 1"V = pg(aeps + acf + aepe) + peps — paqe /2 — (a+ pa)qy /2.

ra.pB.fBc,BB

uga >0 (IR¢)
UpB > 0 (IRB)
St Uga > Ugs (ICe)
Upp > Uspc (ICg)
B > qa (US)
Onqs —pe—f > Ongec—pc (US)

There are Uge = ag(0ugs — ps — f) + ac(0r4c — pe), Usp = ap(0ugs — ps) + as(0rgs — vB),
Ucs = ac(0ugs — pe) + ac(0rgs — pr), Usc = ap(Ouqs — v — f) + as(0r9c — pe). Similarly,
(IRg) and (IC¢) should be binding. The problem then becomes

max "V = pg [@cOL(9c — q8) + 08qs] + pebpas — paqs /2 — (a + pa)qy /2.

PG.PB.f
PB = 0pqs (IRB)
ag(pe —ps) tacf = acl(qe—aqs) (ICq)
s.t.
qB > qa (US)
Onqs —ps — f > Ouqc —pc (US)
The maximum is achieved at gg = 01,95 = 05 = a+p&9H +(1- a+pa)0L’ pp = 0pbs, pa = 0503 —
(93 0L) Gf and f < aG(GH GL)(eg — QL) The pI’Oﬁt is
03 6%
VN = (a+ pa) 2 5 +0043-

Comparing the optimal proﬁts under each design, there are V'R = aeH + ,007
HNRU =N RN = 0% 4 pa > TIRRY = TTRVR = o % TIVYN = (a4 pa) % + patk > (o +
VR

pa) ="'~ By p> 1/2 it can also be verified that ag, > ap, thus ey S v

ol R
IV

Il
)
+
I
Sl

Ny

Il

Therefore,
the optimal design can only be among RNY or NYN.
2
When gL < 1+a = w there is 6, = 0. And TT°AN" = Q—H' IIV”¥ is in the form

of $[efy +(1— e)@L] where ¢ > 0. By Lemma A1, the optimal design is NUN if 2= < /L < .2

—€ OH — l+a91’
or RNY 1f L < min{ 9=

0191

1— e’ 1+a9
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Otherwise when ngI > 1-6:319 , it can be verified that IV is in the form of L[ —50y +(146)0, )
1

where § >0 and —00y + (1 +6)0, > 0. By the same reasoning in Lemma Al, there is constantly
Y7 <TIVYN . Hence NVN is the optimal design.

Define ¢V = min{2=¢, %} Qverall the optimal design is RNV when ZTLI < ¢V, and NYN when

1—e? 1+a91

g—z > @Y. Specifically in the former case, there is #; =0 hence gz =0 and g =1, and RNV yield

the same revenue as RR.

Appendix B: Optimal Product Line Design with a Single Quality Level

Consider a situation where only a single quality level is possible (thereby denoted with the super-
script “Q”). This happens, for example, when it is rather costly to provide differentiated service
qualities. The firm then needs to design a single quality level ¢ = q¢ = ¢ and two products
(¢,pc,Bc) and (q,pg, L), targeting good- and bad-signal customers, respectively. The optimal

single-quality design is characterized in the following proposition.

PROPOSITION 5 (Optimal Design with a Single Quality Level). When only a single quality
is offered (qe = qz = q), there exist ¢° > ?Q >0 with

¢Q:min{max{¢(\/aaa371)a¢<\/ 1_:00_47@B7l_ap0_[>}7¢<“lj.épa{vl_Ckp(jévl)}v
&Q:max{gﬁ(\/&,a&l),qb<\/1—pa,a3,1_0[[”) ’¢<1/1—apa’1—apa’1>}

such that

(i) if g—; §QQ, the market outcome is RR. The optimal product design is

1 agh?
qQZHH’ pge [aGQ?—be?{]’ Bg:T_ _G ge [071]> (pgaﬁg):(ef—hl)a
Ge  agpg

(ii) if QQ < (%1 < @9, the market outcome is NR. The optimal product design is

aby + pab
0¥ = 08,58) = (000®,0), (08, 55) = (00, 1)
(iii) if g—; > ¢, the market outcome is NN. The optimal product design is characterized in Propo-

sition 2(i).
Proof of Proposition 5

e RR. If the menus are of RR, the problem for the firm can be formulated as follows

2
RR: max I = pc(pe — aaBape) + pa(ps — asBeps) — Of%

ra.PB:BG,.Bp=>0
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uge = 0 (IRq)
(75232 Z O (IRB )
uce > ugp (ICq)
ot upg > upce (ICg)
o Bepe > 0Lq (RRg)
Bepe > 0Lq (RRp)

Ba <1

BB <1

All good-signal customers will choose (pg,Sc) and pay pe upfront. However, a fraction ag of the
good-signal customers will later find their type to be L and return the product, which costs the
firm Bgpg. The second term of the objective function can be explained similarly.

The problem then becomes

RR: max pc(pe — acBapa) + pa(ps — asBeps) — Oéq*
pa-PB.BGPB 2
pa —acfepe < acbuq (IRg)
pe —apfBepp < apluq (IRp)
pe —acBepec < pp—acBeps (ICq)
st. PBT apfeps < pe—apfepe (ICp)
T Bapa > Orq (RR¢)
BepB > Orq (RRp)
Ba <1
Bp <1

The two IC constraints can be written as

ap(Bepa — Bere) < pe — s < ac(Bape — Beps)-

Recall that p € (1/2,1], implying ag > o > ap. Hence, we must have pg < pp and Beps < Brps-
Furthermore, the objective function is increasing in the left hand sides of the two IR constraints,
implying the two IR constraints should be binding in optimum. We also comment that (I Rg) and
(RR¢) implies that 8g > ac‘hf#c%' Similarly, (IRp) and (RRp) implies that Sz > 039;19#3%'
The optimum can be achieved by any of the following solution:
* * 1 Qg qu * *
Ps € laclunq,0nql, Be=———"——, pp="0nuq, fp=1 (Al2a)
&g Qg P

and
2

II" =afpq— oL
2
2
The optimal quality is ¢?# = 0y and IT7F = ad%' In particular, the solutions include the following
price-return pairs:

92
pgR:9H9G7 /BgRZGL/HGy pgR:?H> gRZla or
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2
R_02 RR __ RR_HH RR __
=02, =1, 7H =1.

R
yoel G B T 9 B

e NR. In the case when refund only goes to bad-signal customers, the refund rate for menu G
can simply be set at 0. The problem can be formulated as follows

2

NR: pe gaém M = pepe + pe(ps — apBeps) — (1 — Pd)%
uge => 0 (IRg)
UBRB Z 0 (IRB)
ot uce > ugpe (ICg)
o upg > upc (ICpg)
Beps > 0Lq (NRp)
Be <1
Or equivalently,
7
NR: e ;I;ag;m pcpc + pa(ps —apBeps) — (1 — P@)E
PG < Oqq (IR¢)
v —apBepp < apbluq (IRg)
ot Po— aglrg < pp—aghBeps (ICq)
" pp—apPeps < pec—agplLg (ICp)
BepB > Orq (NRp)
Br <1

Followed by a similar analysis as in RR, the optimum can be obtained as follows:

I = alq + padrg — (1 - pa) & (Al4b)

NR _ afp+pady NR _ (afp+padp)?
Thus q = f and II W

Obviously, IIVE > T1EE,
e RN. When the refund only goes to good-signal customers, i.e., g =0, the following problem
needs to be solved:

2

RN: max 11" = p(pe — acBepe) + peps — (1 — POé)q
PG pB.BG>0 2
ugag 2 0 (IRg)
UpRp Z 0 (IRB)
ot uce > uegp (ICg)
o upg > upe (ICp)
Bere > 9Lq (RNg)
Ba <1
which becomes
e
RN: max  pa(pe — acBapa) + paps — (1 — pa)—
pGPB.BG>0 2
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pa —agBepe < acbuq (IR¢)
DB < 0gq (IRp)
ot Pe— acBere < pp—aglg  (ICq)
" pp—apblg < pe—apfepe (ICp)
Bapa > Orq (RNg)
Ba <1

The two IC’s imply that ag(Bepe —019) < pe —ps < a@c(Bepc — 0Lq). However, this cannot hold
given (RN¢) and &g < ap. Therefore, RN is infeasible.

e NN. When no customer will exercise the refund option, only one product (p,q,0) will be
offered and the firm needs to decide whether it will serve only good-signal customers, or the entire

market. The former calls for solving the problem:

2
max pe (p—q°/2)
s.t. 0gq > p > 0pq;

while the latter invokes the following problem:

2
max p—gq 2/
s.t. Ogq > p.

The optimal solution corresponds to the maximum between the two. Comparing optimal profits
between the two yields the optimal single-quality design:
e 0
(q* p*): (9G70%;')7 lfiSQZ)NSa
’ (0p,0%), otherwise,

and the optimal profit is
GO 9

VY = max{

>}

We next compare the optimal profit among across all possible types of of products:

02
eER — @V
2
e _ (@fn + paby)?
2(1—pa)

/709 9

YN = max{

}.

2
By Lemma Al, if g—g < ¢(\/pa, ap, ac), IV = 6% Note that ag < %5 <1, then VN =

2
% <TINR = ME%[Q]. Thus,

e NR is optimal if gb(\/j, 1)< ZTLI’
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e RR is optimal if ngI <o( /1% 750 1)
2
On the other hand, if ZTL{ > o(\/pa,ap,ag), IVN = %B. In addition, ap < 2= < 1.
o NN is optimal if 2 > max{qﬁ(\/a, ap, 1), (TP, as, ﬁ)},
e NR is optimal if ¢(, /7%=, %=,1) < % <o(VI—=pa,ap, 252),

e RR is optimal if 375 < min {qﬁ(‘ [ 55 1), o(VT = @, g, 10;&)}.

Appendix C: Optimal Product Line Design under a Standard Refund Rate

Consider the situation in which the same refund rate (thereby denoted with the superscript “R”), or

a standard refund rate, is offered across products. This situation arises when it is difficult to explain

differentiated refund rates to customers, or there are regulations forbidding service providers from

discriminating among customers by using cancellation terms.

Under a standard refund rate where g = g = 3 for some 5 € [0,1], the firm designs products

(¢6,pq,B) and (¢B,ps,B) for good- and bad-signal customers, respectively. The optimal standard

refund design is characterized as follows:

PROPOSITION 6 (Optimal Product Line Design with a Standard Refund Rate). When a

standard refund rate is offered (Ba = Bg), there exist ¢F > QR >0 with

?R =min {(25(\/07(;, ag, 1)7 ¢(\/@7 Qo, 1)} >
<73R2¢(\/OTG7040,1)

such that

()

(i)

(iii)

if gTL{ SQR, the market outcome is RR. The optimal product line is
(a6 pé) = (a5, p5) = (0, 05), B"=1;
if QR < < @B the market outcome is RN. The optimal product line is
(46 &) = (01,0106 — 000c + 0005) , (a5,p5) = (0,0005) , B =0rad/pé <1.

if 2L > @R the market outcome is NN. The optimal product design is characterized in Propo-
Or

sition 2(i).
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Proof of Proposition 6

For each type of possible products, we first characterize optimal pricing and refund decisions
(pe, s, 8) under given quality levels (¢g,¢p). The optimal quality design is analyzed thereafter.
e RR. When all customers will exercise the refund option, the problem for the firm can be formu-

lated as follows

2
max 11" = pe(pe — acBpe — L )+ pa(ps — apfps —ap qB)
PGPB,B 2 2
ugag = 0 ( @)
Upp 2 0 (IRB)
uge > uegs (ICq)
s.t. (15232 2 Upag (ICB)
Bpe > 0nqe (RRg)
Bps > Orgs (RRp)
fo< 1

where Ugg = —pe+acfpc+acluqe, Ups = —pp+apBps+asbuqs, Uss =Usc+ (1 —aef)(pe—
pB) —aclr(gc—qg), and Uge = Upp — (1 —EyBﬁ)(pG—pB)+aBGH(qG—qB). The two IC constraints

imply that =& GH(qG —qs) <pe —p < acggH(QG —qp). As = 5 < S—, there should
be pg > pp and qc > qp- In addition, high-type customers are always better off than low-type
customers under the same product, i.e., Ugg > Upp and Ugg > Upg. Therefore, Ugg > Ugp >
UBB Z UBG'

Without affecting the optimal solution, the objective function can be re-written as
min, ., , . 5 PcUcc + pcUps. Apparently, the optimum is achieved when (IRp) and (IC) are bind-
ing. The problem can then be simplified as

2 2
max [I"7 = PG(pG —agBpe — ac—- e ) + PG(]?B —apPpp — qu)
PGPB B 2 2
ps —apfpp —agluqgeg = 0 (IRp)
Pe —acfpc —acluqe = pp—agBps —acluqs (ICq)
s.t. Bpa > Orqq (RRq)
Bps > OLgp (RRp)
B <1
By (IRp), pp = 7325 0nqp. Substitute this into (ICg), we have
1—ag3*
Pe — e pg = acluqe — acluqs + cf aplugs.

1—appB*
Since IT* = (pa + pa) (p&; — S ve — aB%) + (pa+ pa)(apbuqs — 043%), we should like to maxi-
mize the RHS of the above equation. Due to (A2) and * <1, this can be achieved when * =1.

Subsequently, the optimal solution (with superscript RR) is

pe =0u9c, Pp="0unqs, " =1 (A15)
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2 2
and ITI* = pg(acOuqe — ac’s) + pe(apbugp — ap?2). Therefore,

qu =0, qu =0,
pet =03, pit=03,
BRE =1,

HRR:IOGCY(;H?{ _ 0439%

5 TPeT,

e NR. When only the bad-signal customers will exercise the refund, the problem can be formu-

lated as follows

max IV = pg(pe — q2/2) + pa(ps — apBeps — aBqs/2)

PGPB:B

uca >0 (IR(;)
UpRB Z 0 (IRB)
uce > ugs ([Cg)

s.t. (13232 Z upag (ICB)
Bpe < Orge (NRg)
Bps > OLgsg (NRp)
B <1 ,

where Uge = —pc + 0cqc, Upp = —pp + @5Bpp + @50nqs, Uss = —pp + acBpp + aclngs, and
Usg = —pg + 0qqg- Followed by a similar analysis as in RR, Ugg > Ugp > Ugp > Upg. Thus, due
to the two NR constraints, we can only confirm that (I Rp) should be binding. The problem can
be simplified to

max I"* = pg(pe — q&/2) + pa(ps — aBeps — apqy/2)

pG-PB-B
pe = oplyqs+apfps (IRp)
pe < Ogqc+pe—acluqs —acPBps (I1C)
s.t. Bre < Orqa (NRg)
Brs > Orqs (NRp )
g <1

By (IRp) and (NRp), we have > %' Therefore, pe < 6pqg. It can be verified that (ICg) is also

satisfied at pg = 0pge. Thus, the optimal solution is

aply

—_— *=0,/0 Al

pe =08qc, Pp=
2 2
and the expected profit is II* = pg (0pqc — %S ) + peop(apdngs — ap?E). Therefore,

qu =0p, qu =0y,

pNE g2 pNR_ aply
G B> B 1— 01391,/93
BNRZGL/HBa
923 CMBHIZLI

HNR: B ~
Pe + pa 5
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e NN. When no customer will exercise the refund option, the analysis follows Lemma 2 and the

optimal profit is

62 0?
VY = oS 4 pa2.
jZe] 5 +P02

e RN. When only the good-signal customers will exercise the refund, the problem can be for-

mulated by

max 1" = pg(pe — aaBre — acqs/2) + pa(ps — 45 /2)

PGPB,B

ugag Z O (IRg)
UBRB Z 0 (IRB)
uge > ugs (ICq)

s.t. (75232 Z upag (ICB)
Bpe > Orge (RNg)
Bps < Orqs (RNp)
g <1 )

where Uge = —pe + aclnqc + acBpa; Usp = —ps +0p4n, Uss = —pp + 0cqp, and Upg = —pc +
apbrqc + apfBpe. Followed by a similar argument as in other scenarios, Ugg > Ugp > Upp > Upg,
and in this case, only (ICg) can be confirmed binding due to the two RN constraints. The problem

can be simplified to:

max 1" = pg(pe — acBrc — acqe/2) + pa(ps — 45 /2)

PGPB,B
PB < 0pgs (IRg)
(1-aeB)pe = agluqe—0cqs+ps (ICq)
s.t. Bpa > 0Lqc (RNg)
Brs < 0rgs (RNpg)
B <1

It can be verified that the optimal solution is achieved when (IRp) and (RN¢) are binding, which

gives rise to the following solution:
e =0cqc — (0c —0)as, Py ="084s, B =0L9c/P5 (A17)
2 2
The expected profit is IT* = pg(acOnqe — 0cqs + 0pas — ac’S) + pa(0pqs — “2). Thus,

N =0n, i =6,

PN = (0 — 00)0c + 0005, pEYN =0405,
,BRN — HLQG/pgNa

HRN OCGH?-I 9(2)

= pPa B) JFPG?

where 0y = a0y + (1 — )01, and ap = % <ap<ag.
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We next compare the optimal profit among across all four types of products:

62 aph?
TIEE — agby | aply
Pa B) Pc 5
92 06302
HN _ ’B H
= PG 9 + P 5
92 92 92
vy —pg2 + pa 5 ?‘1‘%(067'_93)
aghy 02
I = PG G2 ‘|“|‘pr-

2

We find that

o if \Jag < z—‘;, IIRR <TINE and II7N < IIVYN. Moreover, IIVE < % < IIVN. Therefore, NN is
optimal.

. 1f B <\fag < < , there is II%E > TIVE and 117N <TIVV, In this scenario, however, there is
IR < %G <IIVW, Agaln, NN is optimal.

o if ZT?I < fag, TR > TN and TIFY > TIIVY . We only need to consider RR and RN. Specifically,
if g—; <,/ap, RR is optimal; otherwise RN is optimal.

By Lemma Al, if 0% > ¢(y/ag,ac,1), NN is optimal. If ZTL{ < ¢(y/ag,ac,1), RR is optimal
if gTL; < ¢(\/ag,ap,1) and RN is optimal if g—z > ¢(y/ap,,1). Hence ¢ = ¢(\/ag,aq,1) and
QR:min{qs(\/ aG7aG71)’¢(\/ ana071)}'



